
Lecture 22-11/27

Remembe : Final presentations
Tiniline

:

- suggestion of topic Imperson or via

email) : Wednesday
-> fiel daft Impesan or via email) :
in next week

-> Presentatio · Thi
,
Dec 7

,

10am-2pen

willprovide luch
· Sweice Cuber 309

Finish group theory for AMO gurual
- basis fats (eigenstate)
-continous groups Isphorical sym .)

↑

-without & with spun



· Basis Leuclices

What does group theory teach us about the eigestates of
o Hamiltonian ?

Remember :

"Hamiltonian is symmetric nucle (operation) # "EI [1 ,
R] = 0

=D # and i can share a set of eigenstates .

What are the enfestates of R ?

G :

group of the Sab
. Eg .

Each q - 4 has associated a
3D rotali

, wImalixin

F = Rr
g

B firs = f (R: i) for Rg = (g)

By are isomorphic representations ofG if we are

looking only at 3D-rotalia symmetry .

Example : volatio by 90" around :

-

= + =

x
; y = z

;
z =

-

y : Rg = (iii)
-> Pff(x , y, z)

= f(R"i) = fix ,
- z

, y)q



[H , Ty] = 0 = x Pg14n) is also eigenfut
H14n) = En14n) with sauce energy ·

=given one cignfet 4") ,
we can qurate other

4 I will all by !

If His produce y, => degeneracy is "normal"

otherwise
, dequracy is "accidental"

Exuple : ep , ene , elpe -normal

up ,
us - accidental

Ibut : not accidental degiate under Divaceg")--

2n

normal : Pg Y: = E 4 iguk-

In : degeacy of En
Mus is le-dime . Op .

↑m is (cam be) irreducible

If 4* ortonormal basisM mitary
= The set of 1. degenerate eiqnifals 4 for
eigenvale En form bass fats for In-dimensional
irrect. rep of Schr, group .

Trivial extension :

Diffount set4 Mini ! grins

-Same space, let irred Mp .

arties :

· n and x
.
5 I row

,
col· Indias of Mimi) are "good 9. numbers. "

· dimension of irred . Mps, gives all possible (normal)

degeneracies .



· all eigenfit / different (n ,
x

, Wh are orthogonal.
· poturbation H'lifts degeneracis iff it changes
symm , group and dii, of irred representation .

-

is "transforms according to
'm"

orDefsi Ye

4
·

belongs to "Mime or

the 4 "geate"
ins

(w)
· Informbasis functions ? Gu

Remember : 4 Yit
: Y Nigerq

*multiply from lef :

2 Mimigh)
= Estima Page from dan No Da" Corthogonality

More !

-define :
= In Ea gi i Pr

= I
in

Y = 0 nicles 3 = 5
. If 3 = 0 :5 y : Ge

= D Dur is projector onto ye!
(n)

J. projector on 4 (can be

=D Po F = fu a Y"
) constructed)

-

I

any function
!

Then
: You" (wilk x +2) gold all "partners" .

IDf : diffort 4n" are called palmes . (

Use characters instead :

--D) : IEs Nigs Pr projectsan a an of

-> pilI : f"( span (ya"))



Example :
G = Es , 3 (error+)

I 9I - I

p = E Ea &"cys Pg =

at /Pe+ Pr
_
)

gis - = (Pe - 4r)
any F(r)

= F(x
, y , z)

f"(x , y-z) = (Fix, y , z) = F(x
, y , t))

orthogonal ! + normalize
2) Representation : characters of continuous (volation) groups

- cyclic group :
G

= Sa ,
a

, . . .,
a

M

= e}
Abelian =1 Only ID irred. rep's

↑cas -
a = e =DX = e

2iT:

(a) 2ri
↑cas =x"(a) = e 1P

= 1
. . -,

· Block theorem
(= 4)

periodic potential with b a periods (rig or linear

with periodic boundary conditions)
PaY(x) = 42x + a) = Mca) ycx) = eika4a)

k =

E
L

4x()
= MaCt) eik

+
-

where un x +4) = un)
- finite rotation in 2D

I nifinite-order cyclic group (

Mimic) = eimy= x'
*

cy)



4m (r
,
e

, 4) = fir, d) eine
-im isFi(m) )

= M(M-i) =De imit= e

= D m =
0

,
= 1

,
=2

,
...

-3D proper volation group 50(3) (03)
obvious representation :

R(,, 8) Enter angles
R12 ,, f) = R2 Ry/R= 15)

osy ciy 0

R= (9) = (s as a I ,
R

,
=--

0

· R R = 1 defte = 1

· not Abelian
-

· "three-parameter" group
· Basis functions
We know that S definition for Di.

Pak, 8) Year Cel, 4) = 2 Year sel, 4) Dime (2 ,, 8)
m = -l

with Yea sphorical Garmonics : basis functional
and D' (

,
B

, 8) = ↑: (21+1)-di irred. rep

1 These are listed in tables
"D" for "Darstellmg" - due to Wigner)

· Rotations bye angle about any axis are in

same class !

(Proof : R2 : (4) = R1z-2' R=(Y) Ri z =z') (
· characters of De(4)

y122
: 1

,y) =we



roof :
Rolak axes by -x about E :

↳ Yea (e, y) = Yem (e), q-a) = <inc Year (i, 1)
D) = Jeviea, ilensa

·.. iea) ;

x*
**

(a) =

re
icx

Is

· These are the only Lodd-din) irr. rep's ofS0(3)
(proof : characters have to be orthogonal =

new XIx) also orthogonal to X
(22+1)

(2) · x
- "

) = 2c 22

=> Xix) needs to be orthogonal to cas- Fourier series !

Rotations by <
,
-x nisame class=X(x) = X(-2) =4

I : can never be orthogonal to all ca-Fourier series
1]

- With spins SU(2) + double groups
· Even up's for S0(3) ?
pil for hulf-vilege j ?

- XTcas =
e) al works !

But year only for R*L !
=D use 1j , my as basis

1 =1 combined angular & Spin wave functions)
ITe 15 ,

e) = Enj , mis GeminI

x"*", + (i) = adamn) = (1) x :2)

=> for half-integer I the Hillel space is taken
into itself only by 45-rotation !

2
NRemedy : define + 1

,
= 2 as new group element!



-group doubles , i. e
., for each group element g , there

now also excits an rig !

-D G = Ex , g21g3 , --gh ,
r

,
r. gz --

,
r - guS

is called "double group" of G .

SUIN) is double group of S0(3)
Remark : For finite groups there are double as may-

group elements ,
but not nearly double as many

classes
: of O us O'

Mapping between S0(3)
, SU(L)

S013) are all proper volutions in 3D real space

SUC2) are all proper volations : ID complex space
=> unitary ences U with det U : / is isomorphic rep .

Any x
, y ,

z can be mapped to 2D traceless

Humilian exabit :

X = ( =Ein = ) is most general
such exati

One general
in Iway

to wik I :

U = e
= Ca21+ig . sin

: / is angle , If is axis of rot .

I : vector of Pauli nices
.

RTFR => u Xu

but : both U and - U give same rotationR !

e .g . U- (2i) = je ein) = -1)



-Direct - product groups
often : complete symmetry can be broken up site

district operations ,
① and

,

where auch ②

commute
Example : He ① exchange motors

② exchange e-

⑬ volating molecule
!

can be witen as "direct product group"
G

,

= Ee
, 927--an 3

,
G2= Ee , l , ..., ba

C = G
,

+ Ge = Ee
,

a
, ...,

b
,
-- a

,

b
, a

, bz ... 3
order : Lik

, ↑
, ij Fem= (Miflijem

x, = X
:
Re

, ....

excople : G
, Iequitatual hingle) : "Ds"(nxy-plane)

Ds30:

:"
G2 : mirroring along = I = 22

, 03

I
&

!
G

,

= G
,

= Di +1 = Dan

#2 30 En Linds 3&di
↑"I 11 11I

ic2) I I - I I I - I

↑(3) 2 - I 0 2 - I 0
-

& (4)
I I I - I - 1

I I - I - I - 1 I

2 - I 0 - 2 I 0



· Direct product representation
within a group :

e. g.

Le ii Hel
i
↑

,
I'll up's of same group

Mis & Ni - ? X = Y .X

↑ = ript) = Erik
X = Eat

)

aisk= Es Xig : Xgs X * >
-

rassess Ne X"Y) XYY) X "Yee)

d) Nomenclature : irred , rup's for point groups

groups" :

32 groups of crystal symme .

types : 1 one main axis

2) high syme . 10
, TI

asses : Cj : j fold sym ,

about principal axis

Ci! - about other axis

I . reflection
c

:

inversion

mp,D
:

X(C : ) =
B

:

ID
;
Y (C

, ) = - 1

E
:

2D

T : 3D
·

I groups !13D is highest dim , for irred. Rep's in 32pou
128.
God scheme NV centers !)



Example:



basis fat : in group tables :
-

linear + quadralis ,
combinations

2

x
, y ,

z
,

7
....,

x y
,

- , zy ,
---

R
, R ,

Ra carb's :

axial
,

i .e
.

eve under
i Inversion)

see table previous page (
e) Crystal field splittirig :

al is the effect of lowering symmetry ?

Example :
O : proper volations of # (h=24)

(Tables wes...)



-t



"
Crystal fild splifting - sphorically
synure - cubic

compare characts of classes



Example:


