Chapter 2

Homology

The fundamental group 1, (X) is especially useful when studying spaces of low
dimension, as one would expect from its definition which involves only maps from
low-dimensional spaces into X, namely loops I — X and homotopies of loops, maps
IxI— X. The definition in terms of objects that are at most 2-dimensional manifests
itself for example in the fact that when X is a CW complex, 1, (X) depends only on
the 2-skeleton of X. In view of the low-dimensional nature of the fundamental group,
we should not expect it to be a very refined tool for dealing with high-dimensional
spaces. Thus it cannot distinguish between spheres S" with n > 2. This limitation
to low dimensions can be removed by considering the natural higher-dimensional
analogs of 1, (X), the homotopy groups ,, (X), which are defined in terms of maps
of the n-dimensional cube I" into X and homotopies I"" xI— X of such maps. Not
surprisingly, when X is a CW complex, 17,,(X) depends only on the (n + 1)-skeleton
of X. And as one might hope, homotopy groups do indeed distinguish spheres of all
dimensions since 1;(S™) is 0 for i < n and Z for i = n.

However, the higher-dimensional homotopy groups have the serious drawback
that they are extremely difficult to compute in general. Even for simple spaces like
spheres, the calculation of 7;(S™) for i > n turns out to be a huge problem. For-
tunately there is a more computable alternative to homotopy groups: the homology
groups H, (X). Like 1, (X), the homology group H,(X) for a CW complex X de-
pends only on the (n + 1)-skeleton. For spheres, the homology groups H;(S") are
isomorphic to the homotopy groups ;(S™) in the range 1 < i < n, but homology
groups have the advantage that H;(S") = 0 for i > n.

The computability of homology groups does not come for free, unfortunately.
The definition of homology groups is decidedly less transparent than the definition
of homotopy groups, and once one gets beyond the definition there is a certain amount
of technical machinery to be set up before any real calculations and applications can
be given. In the exposition below we approach the definition of H,,(X) by two prelim-
inary stages, first giving a few motivating examples nonrigorously, then constructing
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a restricted model of homology theory called simplicial homology, before plunging
into the general theory, known as singular homology. After the definition of singular
homology has been assimilated, the real work of establishing its basic properties be-
gins. This takes close to 20 pages, and there is no getting around the fact that it is a
substantial effort. This takes up most of the first section of the chapter, with small
digressions only for two applications to classical theorems of Brouwer: the fixed point
theorem and ‘invariance of dimension’.

The second section of the chapter gives more applications, including the ho-
mology definition of Euler characteristic and Brouwer’s notion of degree for maps
S"—S™. However, the main thrust of this section is toward developing techniques
for calculating homology groups efficiently. The maximally efficient method is known
as cellular homology, whose power comes perhaps from the fact that it is ‘homology
squared’” — homology defined in terms of homology. Another quite useful tool is
Mayer-Vietoris sequences, the analog for homology of van Kampen’s theorem for the
fundamental group.

An interesting feature of homology that begins to emerge after one has worked
with it for a while is that it is the basic properties of homology that are used most
often, and not the actual definition itself. This suggests that an axiomatic approach
to homology might be possible. This is indeed the case, and in the third section of
the chapter we list axioms which completely characterize homology groups for CW
complexes. One could take the viewpoint that these rather algebraic axioms are all that
really matters about homology groups, that the geometry involved in the definition of
homology is secondary, needed only to show that the axiomatic theory is not vacuous.
The extent to which one adopts this viewpoint is a matter of taste, and the route taken
here of postponing the axioms until the theory is well-established is just one of several
possible approaches.

The chapter then concludes with three optional sections of Additional Topics. The
first is rather brief, relating H, (X) to 11, (X), while the other two contain a selection
of classical applications of homology. These include the n-dimensional version of the
Jordan curve theorem and the ‘invariance of domain’ theorem, both due to Brouwer,
along with the Lefschetz fixed point theorem.

The Idea of Homology

The difficulty with the higher homotopy groups 7, is that they are not directly
computable from a cell structure as 1, is. For example, the 2-sphere has no cells in
dimensions greater than 2, yet its n-dimensional homotopy group ,, (S %) is nonzero
for infinitely many values of n. Homology groups, by contrast, are quite directly
related to cell structures, and may indeed be regarded as simply an algebraization of
the first layer of geometry in cell structures: how cells of dimension n attach to cells
of dimension n — 1.
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Letuslook at some examples to see what the idea is. Consider the graph X; shown
in the figure, consisting of two vertices joined by four edges. y
When studying the fundamental group of X; we consider
loops formed by sequences of edges, starting and ending
at a fixed basepoint. For example, at the basepoint x, the a d
loop ab™! travels forward along the edge a, then backward
along b, as indicated by the exponent —1. A more compli-
cated loop would be ac 'bd 'ca™!. A salient feature of the X
fundamental group is that it is generally nonabelian, which both enriches and compli-
cates the theory. Suppose we simplify matters by abelianizing. Thus for example the
two loops ab~! and b 'a are to be regarded as equal if we make a commute with
b~ !. These two loops ab™! and b !'a are really the same circle, just with a different
choice of starting and ending point: x for ab™! and y for b 'a. The same thing
happens for all loops: Rechoosing the basepoint in a loop just permutes its letters
cyclically, so a byproduct of abelianizing is that we no longer have to pin all our loops
down to a fixed basepoint. Thus loops become cycles, without a chosen basepoint.

Having abelianized, let us switch to additive notation, so cycles become linear
combinations of edges with integer coefficients, such as a — b + ¢ — d. Let us call
these linear combinations chains of edges. Some chains can be decomposed into
cycles in several different ways, for example (a —c)+ (b—-d) = (a—-d) + (b — ),
and if we adopt an algebraic viewpoint then we do not want to distinguish between
these different decompositions. Thus we broaden the meaning of the term ‘cycle’ to
be simply any linear combination of edges for which at least one decomposition into
cycles in the previous more geometric sense exists.

What is the condition for a chain to be a cycle in this more algebraic sense? A
geometric cycle, thought of as a path traversed in time, is distinguished by the prop-
erty that it enters each vertex the same number of times that it leaves the vertex. For
an arbitrary chain ka + b + mc + nd, the net number of times this chain enters y
is k + £ + m + n since each of a, b, c, and d enters y once. Similarly, each of the
four edges leaves x once, so the net number of times the chain ka + b + mc + nd
enters x is —k — £ — m — n. Thus the condition for ka + £b + mc + nd to be a cycle
is simply k + £ + m + n = 0.

To describe this result in a way that would generalize to all graphs, let C; be the
free abelian group with basis the edges a, b, c,d and let C, be the free abelian group
with basis the vertices x,y. Elements of C; are chains of edges, or 1-dimensional
chains, and elements of C, are linear combinations of vertices, or 0-dimensional
chains. Define a homomorphism 0:C; — C, by sending each basis element a, b,c,d
to v — x, the vertex at the head of the edge minus the vertex at the tail. Thus we have
o(ka+¥b+mc+nd) = (k+€+m+n)y - (k+¥f+m+mn)x, and the cycles are
precisely the kernel of 0. It is a simple calculation to verify that a—b, b—c,and c—d
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form a basis for this kernel. Thus every cycle in X; is a unique linear combination of
these three most obvious cycles. By means of these three basic cycles we convey the
geometric information that the graph X; has three visible ‘holes’, the empty spaces
between the four edges.

Let us now enlarge the preceding graph X, by attaching a 2-cell A along the
cycle a — b, producing a 2-dimensional cell complex X,. If y
we think of the 2-cell A as being oriented clockwise, then
we can regard its boundary as the cycle a — b. This cycle is

now homotopically trivial since we can contract it to a point = 24=A—Ab 4¢ d

by sliding over A. In other words, it no longer encloses a
hole in X,. This suggests that we form a quotient of the
group of cycles in the preceding example by factoring out X
the subgroup generated by a — b. In this quotient the cycles a — ¢ and b — ¢, for

example, become equivalent, consistent with the fact that they are homotopic in X,.

Algebraically, we can define now a pair of homomorphisms C, %, C, SN Co
where C, is the infinite cyclic group generated by A and 0,(A) = a — b. The map
0, is the boundary homomorphism in the previous example. The quotient group we
are interested in is Ker d,/Imd,, the kernel of 0, modulo the image of 0,, or in other
words, the 1-dimensional cycles modulo those that are boundaries, the multiples of
a —b. This quotient group is the homology group H,(X,). The previous example can
be fit into this scheme too by taking C, to be zero since there are no 2-cells in X,
so in this case H,(X;) = Kerd,/Imd, = Kerd,, which as we saw was free abelian on
three generators. In the present example, H,(X,) is free abelian on two generators,
b — c and c — d, expressing the geometric fact that by filling in the 2-cell A we have
reduced the number of ‘holes’ in our space from three to two.

Suppose we enlarge X, to a space X5 by attaching a second 2-cell B along the
same cycle a — b. This gives a 2-dimensional chain group C,

consisting of linear combinations of A and B, and the bound- y
ary homomorphism 9, : C, — C; sendsboth A and B to a—b. g
The homology group H,(X3) = Kerd,/Imo, is the same as 4a d
for X,, but now 0, has a nontrivial kernel, the infinite cyclic ‘
group generated by A—B. We view A— B as a 2-dimensional ‘QA
X

cycle, generating the homology group H,(X3) = Kero, = Z.
Topologically, the cycle A — B is the sphere formed by the cells A and B together
with their common boundary circle. This spherical cycle detects the presence of a
‘hole’ in X5, the missing interior of the sphere. However, since this hole is enclosed
by a sphere rather than a circle, it is of a different sort from the holes detected by
H,(X3) = Zx Z, which are detected by the cycles b —c and ¢ - d.

Let us continue one more step and construct a complex X, from X5 by attaching
a 3-cell C along the 2-sphere formed by A and B. This creates a chain group Cj
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generated by this 3-cell C, and we define a boundary homomorphism 05 :C;—C,
sending C to A — B since the cycle A — B should be viewed as the boundary of C
in the same way that the 1-dimensional cycle a — b is the boundary of A. Now we
have a sequence of three boundary homomorphisms Cj % G, % ¢, & Cy and
the quotient H,(X,) = Kerd,/Imo; has become trivial. Also H;(X,) = Kero; = 0.
The group H,(X,) is the same as H, (X3), namely Zx Z, so this is the only nontrivial
homology group of X,.

It is clear what the general pattern of the examples is. For a cell complex X one
has chain groups C,,(X) which are free abelian groups with basis the n-cells of X,
and there are boundary homomorphisms 0,,:C, (X) —C, _;(X), in terms of which
one defines the homology group H, (X) = Kero,,/Imod, ;. The major difficulty is
how to define 0,, in general. For n = 1 this is easy: The boundary of an oriented
edge is the vertex at its head minus the vertex at its tail. The next case n = 2 is also
not hard, at least for cells attached along cycles that are simply loops of edges, for
then the boundary of the cell is this cycle of edges, with the appropriate signs taking
orientations into account. But for larger n, matters become more complicated. Even
if one restricts attention to cell complexes formed from polyhedral cells with nice
attaching maps, there is still the matter of orientations to sort out.

The best solution to this problem seems to be to adopt an indirect approach.
Arbitrary polyhedra can always be subdivided into special polyhedra called simplices
(the triangle and the tetrahedron are the 2-dimensional and 3-dimensional instances)
so there is no loss of generality, though initially there is some loss of efficiency, in re-
stricting attention entirely to simplices. For simplices there is no difficulty in defining
boundary maps or in handling orientations. So one obtains a homology theory, called
simplicial homology, for cell complexes built from simplices. Still, this is a rather
restricted class of spaces, and the theory itself has a certain rigidity that makes it
awkward to work with.

The way around these obstacles is to step back from the geometry of spaces
decomposed into simplices and to consider instead something which at first glance
seems wildly more complicated, the collection of all possible continuous maps of
simplices into a given space X. These maps generate tremendously large chain groups
C,,(X), but the quotients H,,(X) = Kero,,/Imo,,, , called singular homology groups,
turn out to be much smaller, at least for reasonably nice spaces X. In particular, for
spaces like those in the four examples above, the singular homology groups coincide
with the homology groups we computed from the cellular chains. And as we shall
see later in this chapter, singular homology allows one to define these nice cellular
homology groups for all cell complexes, and in particular to solve the problem of
defining the boundary maps for cellular chains.
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2.1 Simplicial and Singular Homology

The most important homology theory in algebraic topology, and the one we shall

be studying almost exclusively, is called singular homology. Since the technical appa-
ratus of singular homology is somewhat complicated, we will first introduce a more
primitive version called simplicial homology in order to see how some of the apparatus
works in a simpler setting before beginning the general theory.

The natural domain of definition for simplicial homology is a class of spaces we
call A-complexes, which are a mild generalization of the more classical notion of
a simplicial complex. Historically, the modern definition of singular homology was
first given in [Eilenberg 1944], and A-complexes were introduced soon thereafter in
[Eilenberg-Zilber 1950] where they were called semisimplicial complexes. Within a
few years this term came to be applied to what Eilenberg and Zilber called complete
semisimplicial complexes, and later there was yet another shift in terminology as
the latter objects came to be called simplicial sets. In theory this frees up the term
semisimplicial complex to have its original meaning, but to avoid potential confusion
it seems best to introduce a new name, and the term A-complex has at least the virtue
of brevity.

A-Complexes

The torus, the projective plane, and the Klein bottle can each be obtained from a
square by identifying opposite edges in the way indicated by the arrows in the follow-
ing figures:

T v P o omphow P o koo b,
U U U
a c A ap c ya ap c Ya
L L L
v 5 v v 5 w v b v

Cutting a square along a diagonal produces two triangles, so each of these surfaces
can also be built from two triangles by identifying their edges in pairs. In similar
fashion a polygon with any number of sides can be cut along
diagonals into triangles, so in fact all closed surfaces can be
constructed from triangles by identifying edges. Thus we have
a single building block, the triangle, from which all surfaces can
be constructed. Using only triangles we could also construct a

large class of 2-dimensional spaces that are not surfaces in the

strict sense, by allowing more than two edges to be identified
together at a time.
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The idea of a A-complex is to generalize constructions like these to any number
of dimensions. The n-dimensional analog of the triangle is the n-simplex. This is the
smallest convex set in a Euclidean space

- . . [} —_—
R™ containing n + 1 points vy, -,v, v,

v, v, v,
that do not lie in a hyperplane of dimen- v,

sion less than n, where by a hyperplane

we mean the set of solutions of a system voévz
of linear equations. An equivalent condi- v, b

tion would be that the difference vectors K
v, — Vg, "+, VU, — V, are linearly independent. The points v; are the vertices of the
simplex, and the simplex itself is denoted [v, - -+, v,,]. For exam-
ple, there is the standard »-simplex

A" ={(ty,---,t,) ER™ | S;t;=1and t; > 0 forall i}

whose vertices are the unit vectors along the coordinate axes.

For purposes of homology it will be important to keep track of the order of the
vertices of a simplex, so ‘n-simplex’ will really mean ‘n-simplex with an ordering
of its vertices’. A by-product of ordering the vertices of a simplex [vg,---,v,] is
that this determines orientations of the edges [v;, v;] according to increasing sub-
scripts, as shown in the two preceding figures. Specifying the ordering of the vertices
also determines a canonical linear homeomorphism from the standard n-simplex
A" onto any other n-simplex [v,, ---, v, ], preserving the order of vertices, namely,
(tg, -+, t,)— 2 t;v;. The coefficients t; are the barycentric coordinates of the point
Yitiviin [vg, -+, v,1.

If we delete one of the n + 1 vertices of an n-simplex [vg,---,v, ], then the
remaining n vertices span an (n — 1)-simplex, called a face of [v,,---,v,]. We
adopt the following convention:

The vertices of a face, or of any subsimplex spanned by a subset of the vertices,
will always be ordered according to their order in the larger simplex.

The union of all the faces of A" is the boundary of A™, written 0A"™. The open
simplex A" is A™ — A", the interior of A™.

A A-complex structure on a space X is a collection of maps o, : A" — X, with n
depending on the index «, such that:

(i) The restriction o | A™ is injective, and each point of X is in the image of exactly
one such restriction o, | A",

(ii) Each restriction of o, to a face of A" is one of the maps o0y A" 1 — X . Here we
are identifying the face of A™ with A" ! by the canonical linear homeomorphism
between them that preserves the ordering of the vertices.

(ili) A set A C X is open iff o' (A) is open in A" for each o,.
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Among other things, this last condition rules out trivialities like regarding all the
points of X as individual vertices. The earlier decompositions of the torus, projective
plane, and Klein bottle into two triangles, three edges, and one or two vertices define
A-complex structures with a total of six o, ’s for the torus and Klein bottle and seven
for the projective plane. The orientations on the edges in the pictures are compatible
with a unique ordering of the vertices of each simplex, and these orderings determine
the maps o.

A consequence of (iii) is that X can be built as a quotient space of a collection
of disjoint simplices A}, one for each o,:A"— X, the quotient space obtained by
identifying each face of a A, with the A’g_l corresponding to the restriction oy of
o, to the face in question, as in condition (ii). One can think of building the quotient
space inductively, starting with a discrete set of vertices, then attaching edges to
these to produce a graph, then attaching 2-simplices to the graph, and so on. From
this viewpoint we see that the data specifying a A-complex can be described purely
combinatorially as collections of n-simplices A}y for each n together with functions
associating to each face of each n-simplex A} an (n — 1)-simplex A’g_l.

More generally, A-complexes can be built from collections of disjoint simplices by
identifying various subsimplices spanned by subsets of the vertices, where the iden-
tifications are performed using the canonical linear homeomorphisms that preserve
the orderings of the vertices. The earlier A-complex structures on a torus, projective
plane, or Klein bottle can be obtained in this way, by identifying pairs of edges of
two 2-simplices. If one starts with a single 2-simplex and identifies all three edges
to a single edge, preserving the orientations given by the ordering of the vertices,
this produces a A-complex known as the ‘dunce hat’. By contrast, if the three edges
of a 2-simplex are identified preserving a cyclic orientation of the three edges, as in
the first figure at the right, this does not produce a
A-complex structure, although if the 2-simplex is
subdivided into three smaller 2-simplices about a
central vertex, then one does obtain a A-complex

structure on the quotient space.

Thinking of a A-complex X as a quotient space of a collection of disjoint sim-
plices, it is not hard to see that X must be a Hausdorff space. Condition (iii) then
implies that each restriction o, | A" is a homeomorphism onto its image, which is
thus an open simplex in X. It follows from Proposition A.2 in the Appendix that
these open simplices aa(ﬁ") are the cells ej; of a CW complex structure on X with
the o,’s as characteristic maps. We will not need this fact at present, however.

Simplicial Homology

Our goal now is to define the simplicial homology groups of a A-complex X. Let
A, (X) be the free abelian group with basis the open n-simplices e}, of X. Elements
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of A, (X), called n-chains, can be written as finite formal sums >, n,en with co-
efficients n, € Z. Equivalently, we could write > ,n,o, where o,:A" — X is the
characteristic map of el;, with image the closure of e}, as described above. Such a
sum ., n,0, can be thought of as a finite collection, or ‘chain’, of n-simplices in X
with integer multiplicities, the coefficients n,.

As one can see in the next figure, the boundary of the n-simplex [v, ---,v,,] con-
sists of the various (n—1)-dimensional simplices [v, - - -, U;, - - -, U, ], where the ‘hat’
symbol ~ over v; indicates that this vertex is deleted from the sequence v, ---,v,,.
In terms of chains, we might then wish to say that the boundary of [v,---, v, ] is the
(n — 1)-chain formed by the sum of the faces [v,---,?;, -+, v, ]. However, it turns
out to be better to insert certain signs and instead let the boundary of [v,, ---,v,,] be
Zi(—l)i[vo, -+, U;, -+, v, ]. Heuristically, the signs are inserted to take orientations
into account, so that all the faces of a simplex are coherently oriented, as indicated in
the following figure:

- +

Uy ————— 1, olvg,v;] =[v,] - [vyl
UZ
olvy, vy, V5] = [V, V5] = [V, Vo] + [V, V]
v, v,
v3
¢ o[V, V1, Uy, V3] = [V, Uy, V3] — [V, Vs, V3]
v + [vg, V1, V3] = [Vg, V1, V5]

0

vy

In the last case, the orientations of the two hidden faces are also counterclockwise
when viewed from outside the 3-simplex.

With this geometry in mind we define for a general A-complex X a boundary
homomorphism 0,,: A, (X)— A, _; (X) by specifying its values on basis elements:

an(Ua) = Z(_l)io-cx | [UO’ T ’ﬁi’ T ’vn]

Note that the right side of this equation does indeed lie in A,,_; (X) since each restric-

tion o, |[vy, -+, V;, -+, V,,] is the characteristic map of an (n — 1)-simplex of X.
H Lemma 2.1. The composition A, (X) On, A, 1(X) A, _»(X) Is zero.
Proof: We have 9, (o) = Zi(—l)lal [vg, -+, Vi -+, V,], and hence
anflan(o- Z( 1) ( 1)10-'[1}0) Jil.liﬁiil.livn]
j<i
+z( 1 ( 1 O-l[UOJ Jﬁiil.liﬁj’...’vn]

j>i
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The latter two summations cancel since after switching i and j in the second sum, it
becomes the negative of the first. O

The algebraic situation we have now is a sequence of homomorphisms of abelian

groups
oy Cpg = e — € =2 25 0
n-1 1 0

an+1
" bpta Cn

with 0,,0,,,; = 0 for each n. Such a sequence is called a chain complex. Note that
we have extended the sequence by a 0 at the right end, with d, = 0. The equation
0,041 = 0 is equivalent to the inclusion Imo,,,, C Kerd,,, where Im and Ker denote
image and kernel. So we can define the n* homology group of the chain complex to
be the quotient group H,, = Kero,,/Imod,,, . Elements of Ker d,, are called cycles and
elements of Imad,,; are called boundaries. Elements of H, are cosets of Imad,, ,
called homology classes. Two cycles representing the same homology class are said
to be homologous. This means their difference is a boundary.

Returning to the case that C,, = A, (X), the homology group Kerd,,/Imo,,,; will
be denoted Hﬁ(X ) and called the n" simplicial homology group of X.

Example 2.2. X = S', with one vertex v and one edge e. Then Ay(S by e
and A,(S') are both Z and the boundary map 9, is zero since de = v —v.
The groups A,,(S') are 0 for n > 2 since there are no simplices in these

dimensions. Hence v

Arely V2 forn=0,1
H”(S)N{O forn > 2

This is an illustration of the general fact that if the boundary maps in a chain complex
are all zero, then the homology groups of the complex are isomorphic to the chain
groups themselves.

Example 2.3. X = T, the torus with the A-complex structure pictured earlier, having
one vertex, three edges a, b, and ¢, and two 2-simplices U and L. Asin the previous
example, 9, = 0 so H@(T) ~ Z. Since 0,U =a+ b —-c =0,L and {a,b,a+ Db —c} is
a basis for A (T), it follows that H(T) ~ Z®Z with basis the homology classes [a]
and [b]. Since there are no 3-simplices, H5(T) is equal to Ker d,, which is infinite
cyclic generated by U — L since o(pU +qL) = (p +gq)(a+b—c) =0 onlyif p = —¢q.
Thus

7®7 forn=1
H3(T) =17 forn =0,2
0 forn > 3

Example 2.4. X = RP?, as pictured earlier, with two vertices v and w, three edges
a, b, and c, and two 2-simplices U and L. Then Imo, is generated by w — v, so
H{(X) ~ Z with either vertex as a generator. Since 9,U = —a+b+c and d,L = a—-b+c,
we see that 0, is injective, so H5(X) = 0. Further, Kerd; ~ Z®Z with basis a — b and
¢, and Imo, is an index-two subgroup of Kerd; since we can choose ¢ and a —b + ¢
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as a basis for Kerd, and a—b +c and 2c = (a—b +c¢) + (—a+ b +c) as a basis for
Im d,. Thus H{(X) ~ Z,.

Example 2.5. We can obtain a A-complex structure on S" by taking two copies of A”
and identifying their boundaries via the identity map. Labeling these two n-simplices
U and L, then it is obvious that Kero,, is infinite cyclic generated by U — L. Thus
Hﬁ(S”) ~ 7 for this A-complex structure on S". Computing the other homology
groups would be more difficult.

Many similar examples could be worked out without much trouble, such as the
other closed orientable and nonorientable surfaces. However, the calculations do tend
to increase in complexity before long, particularly for higher-dimensional complexes.

Some obvious general questions arise: Are the groups Hﬁ(X ) independent of
the choice of A-complex structure on X? In other words, if two A-complexes are
homeomorphic, do they have isomorphic homology groups? More generally, do they
have isomorphic homology groups if they are merely homotopy equivalent? To answer
such questions and to develop a general theory it is best to leave the rather rigid
simplicial realm and introduce the singular homology groups. These have the added
advantage that they are defined for all spaces, not just A-complexes. At the end of
this section, after some theory has been developed, we will show that simplicial and
singular homology groups coincide for A-complexes.

Traditionally, simplicial homology is defined for simplicial complexes, which are
the A-complexes whose simplices are uniquely determined by their vertices. This
amounts to saying that each n-simplex has n + 1 distinct vertices, and that no other
n-simplex has this same set of vertices. Thus a simplicial complex can be described
combinatorially as a set X, of vertices together with sets X,, of n-simplices, which
are (n+ 1)-element subsets of X,. The only requirement is that each (k + 1)-element
subset of the vertices of an n-simplex in X,, is a k-simplex, in X, . From this combi-
natorial data a A-complex X can be constructed, once we choose a partial ordering
of the vertices X, that restricts to a linear ordering on the vertices of each simplex
in X,,. For example, we could just choose a linear ordering of all the vertices. This
might perhaps involve invoking the Axiom of Choice for large vertex sets.

An exercise at the end of this section is to show that every A-complex can be
subdivided to be a simplicial complex. In particular, every A-complex is then homeo-
morphic to a simplicial complex.

Compared with simplicial complexes, A-complexes have the advantage of simpler
computations since fewer simplices are required. For example, to put a simplicial
complex structure on the torus one needs at least 14 triangles, 21 edges, and 7 vertices,
and for RP? one needs at least 10 triangles, 15 edges, and 6 vertices. This would slow
down calculations considerably!
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Singular Homology

A singular n-simplex in a space X is by definition just a map o:A"— X. The
word ‘singular’ is used here to express the idea that o need not be a nice embedding
but can have ‘singularities’ where its image does not look at all like a simplex. All that
is required is that o be continuous. Let C, (X) be the free abelian group with basis
the set of singular n-simplices in X. Elements of C,(X), called n-chains, or more
precisely singular#-chains, are finite formal sums > ; n;0; for n; € Z and o;: A" — X.
A boundary map 0,,:C,,(X)—C,,_; (X) is defined by the same formula as before:

0p(0) = D (=)o [[vg, ==+, Dy v+, ]

Implicit in this formula is the canonical identification of [vg,---,V;, -, v, ] with
A""! | preserving the ordering of vertices, so that o |[vg,---,D;,--+,v,] is regarded
as amap A" ! — X, that is, a singular (n — 1)-simplex.

Often we write the boundary map 0,, from C,,(X) to C,_;(X) simply as 0 when
this does not lead to serious ambiguities. The proof of Lemma 2.1 applies equally well
to singular simplices, showing that 9,9,.,; = 0 or more concisely 3° = 0, so we can
define the singular homology group H, (X) = Kero,,/Imo,,, .

It is evident from the definition that homeomorphic spaces have isomorphic sin-
gular homology groups H,,, in contrast with the situation for H5. On the other hand,
since the groups C,,(X) are so large, the number of singular n-simplices in X usually
being uncountable, it is not at all clear that for a A-complex X with finitely many sim-
plices, H, (X) should be finitely generated for all »n, or that H,,(X) should be zero
for n larger than the dimension of X — two properties that are trivial for Hﬁ(X ).

Though singular homology looks so much more general than simplicial homology,
it can actually be regarded as a special case of simplicial homology by means of the
following construction. For an arbitrary space X, define the singular complex S(X)
to be the A-complex with one n-simplex A for each singular n-simplex o :A"— X,
with Al attached in the obvious way to the (n — 1)-simplices of S(X) that are the
restrictions of o to the various (n — 1)-simplices in 0A". It is clear from the defini-
tions that H5(S(X)) is identical with H, (X) for all n, and in this sense the singular
homology group H, (X) is a special case of a simplicial homology group. One can
regard S(X) as a A-complex model for X, although it is usually an extremely large
object compared to X.

Cycles in singular homology are defined algebraically, but they can be given a
somewhat more geometric interpretation in terms of maps from finite A-complexes.
To see this, note first that a singular n-chain & can always be written in the form
> & 0; with €; = =1, allowing repetitions of the singular n-simplices o;. Given such
an n-chain & = > ; €;0;, when we compute 0& as a sum of singular (n — 1)-simplices
with signs +1, there may be some canceling pairs consisting of two identical singu-
lar (n — 1)-simplices with opposite signs. Choosing a maximal collection of such
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canceling pairs, construct an n-dimensional A-complex Ky from a disjoint union of
n-simplices A', one for each o7, by identifying the pairs of (n—1)-dimensional faces
corresponding to the chosen canceling pairs. The o;’s then induce a map Kg— X. If
& is a cycle, all the (n — 1)-dimensional faces of the A}'’s are identified in pairs. Thus
K¢ is a manifold, locally homeomorphic to R™, near all points in the complement
of the (n — 2)-skeleton K?‘Z of Kg. All the n-simplices of Kg can be coherently
oriented by taking the signs of the o;’s into account, so Kg — K?’Z is actually an
oriented manifold. A closer inspection shows that K is also a manifold near points
in the interiors of (n — 2)-simplices, so the nonmanifold points of Ky in fact lie in
the (n — 3)-skeleton. However, near points in the interiors of (n — 3)-simplices it can
very well happen that Ky is not a manifold.

In particular, elements of H,(X) are represented by collections of oriented loops
in X, and elements of H,(X) are represented by maps of closed oriented surfaces
into X. With a bit more work it can be shown that an oriented 1-cycle [], S} — X is
zero in H, (X) iff it extends to a map of a compact oriented surface with boundary
[1,S (i into X. The analogous statement for 2-cycles is also true. In the early days of
homology theory it may have been believed, or at least hoped, that this close connec-
tion with manifolds continued in all higher dimensions, but this has turned out not to
be the case. There is a sort of homology theory built from manifolds, called bordism,
but it is quite a bit more complicated than the homology theory we are studying here.

After these preliminary remarks let us begin to see what can be proved about
singular homology.

Proposition 2.6. Corresponding to the decomposition of a space X into its path-
components X, there is an isomorphism of H, (X) with the direct sum @D, H,,(X,) .

Proof: Since a singular simplex always has path-connected image, C, (X) splits as the
direct sum of its subgroups C,,(X,). The boundary maps 0,, preserve this direct sum
decomposition, taking C,,(X,) to C,,_;(X,), so Kero,, and Imo,,,, split similarly as
direct sums, hence the homology groups also split, H,,(X) ~ ®,H,, (X,) - O

Proposition 2.7. If X is nonempty and path-connected, then H,(X) ~ Z. Hence for

any space X, Hy,(X) is a direct sum of Z°s, one for each path-component of X .

Proof: By definition, Hy(X) = Cy(X)/Im9, since 9, = 0. Define a homomorphism
£:Cy(X)—Z by £(>;n;0;) = >;n;. This is obviously surjective if X is nonempty.
The claim is that Kere = Im o0, if X is path-connected, and hence ¢ induces an iso-
morphism H,(X) = Z.

To verify the claim, observe first that Im d; C Ker ¢ since for a singular 1-simplex
o:A'—=X we have €0,(0) = &(o|[v;] - o|[vy]) = 1 —1 = 0. For the reverse
inclusion Ker ¢ C Imd,, suppose £(>;n;0;) = 0,s0 >;n; = 0. The o;’s are singular
0-simplices, which are simply points of X. Choose a path 7;:I— X from a basepoint
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X, to 0;(vy) and let o be the singular 0-simplex with image x,. We can view T;
as a singular 1-simplex, a map T;:[v,,v;]— X, and then we have 01, = 0; — 0.
Hence 0(>; n;T;) = X;n;0; — > n;0, = >,;n;0; since > ;n; =0. Thus >;n;o; is a
boundary, which shows that Kere c Imo, . O

H Proposition 2.8. If X is a point, then H,,(X) =0 for n > 0 and Hy(X) = Z.

Proof: In this case there is a unique singular n-simplex o,, for each n, and 9(0,,) =
S.(-1)'o,_,,asum of n + 1 terms, which is therefore 0 for n odd and o,,_, for n
even, n + 0. Thus we have the chain complex

~ 0 = 0

-—7 Z Z Z Z—0

with boundary maps alternately isomorphisms and trivial maps, except at the last Z.
The homology groups of this complex are trivial except for Hy = Z. O

It is often very convenient to have a slightly modified version of homology for
which a point has trivial homology groups in all dimensions, including zero. This is
done by defining the reduced homology groups PNIn (X) to be the homology groups
of the augmented chain complex

C— G (X)) 2 (X)) 2 Gy (X) =7 —0

where (>, n,0;) = >;n; as in the proof of Proposition 2.7. Here we had better
require X to be nonempty, to avoid having a nontrivial homology group in dimension
—1. Since €9; = 0, € vanishes on Imo, and hence induces a map Hy(X)—Z with
kernel H,(X), so Hy(X) ~ Hy(X)®Z. Obviously H, (X) ~ H,(X) for n > 0.
Formally, one can think of the extra Z in the augmented chain complex as gener-
ated by the unique map [ ]— X where [@] is the empty simplex, with no vertices.
The augmentation map ¢ is then the usual boundary map since o[v,] = [V,] = [D].

Readers who know about the fundamental group 7r,(X) may wish to make a
detour here to look at §2.A where it is shown that H;(X) is the abelianization of
17, (X) whenever X is path-connected. This result will not be needed elsewhere in the
chapter, however.

Homotopy Invariance

The first substantial result we will prove about singular homology is that ho-
motopy equivalent spaces have isomorphic homology groups. This will be done by
showing that amap f:X—Y induces a homomorphism f, : H,,(X)— H,, (Y) for each
n, and that f, is an isomorphism if f is a homotopy equivalence.

For a map f:X—Y, an induced homomorphism f,:C, (X)— C,(Y) is defined
by composing each singular n-simplex o : A" — X with f to get a singular n-simplex



Simplicial and Singular Homology Section 2.1 111

fi(o) = fo:A"—Y, then extending f, linearly via f,(>;n;0;) = >;n,f,(0;) =
>.in fo;. Themaps f,:C,(X)—C,(Y) satisfy f,0 = 0f, since

£,0(0) = £, (Zi(-D'o|[vg, -, Dy, -+, v, ])
= Zi(_l)ifo-'[vo’ ’ﬁi’ ’vn] — afﬁ(o-)

Thus we have a diagram

s Gt X) =2 Cu(X) =2 (X)) — -

| | |
e G Y) == C(Y) — Gy (V) — -

such that in each square the composition f,0 equals the composition 0 f,. A diagram
of maps with the property that any two compositions of maps starting at one point in
the diagram and ending at another are equal is called a commutative diagram. In the
present case commutativity of the diagram is equivalent to the commutativity relation
f¢0 = df,, but commutative diagrams can contain commutative triangles, pentagons,
etc., as well as commutative squares.

The fact that the maps f,:C,(X)—C,(Y) satisfy f,0 = 0f, is also expressed
by saying that the f,’s define a chain map from the singular chain complex of X
to that of Y. The relation f,0 = Jf, implies that f, takes cycles to cycles since
dox = 0 implies 0(f,x) = f,(0x) = 0. Also, f, takes boundaries to boundaries
since f,(dB) = o(f,B). Hence f, induces a homomorphism f, :H,(X)—H,(Y). An
algebraic statement of what we have just proved is:

‘ Proposition 2.9. A chain map between chain complexes induces homomorphisms
between the homology groups of the two complexes. O

Two basic properties of induced homomorphisms which are important in spite

of being rather trivial are:

i) (fg)x = fy9g, for a composed mapping X Ly iR Z. This follows from

associativity of compositions A" L xLy £, Z.

(i) 1, = 1 where 1 denotes the identity map of a space or a group.

Less trivially, we have:

Theorem 2.10. If two maps f,g:X—Y are homotopic, then they induce the same
homomorphism f, = g, :H,(X)—H,(Y).

In view of the formal properties (fg), = f.g, and 1, = 1, this immediately
implies:
‘ Corollary 2.11. The maps f,:H,(X)— H,(Y) induced by a homotopy equivalence

f:X—Y areisomorphisms for all n. O

For example, if X is contractible then H,(X) = 0 for all n.
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Proof of 2.10: The essential ingredient is a procedure for
subdividing A" xI into simplices. The figure shows the Wy 1
cases n = 1,2. In A"xI, let A"x{0} = [vy, - -,V,]
and A"x {1} = [wy,--,w,], where v; and w; have the
same image under the projection A" xI— A"™. We can pass

from [vy,---,v,] to [wy,---,w,] by interpolating a se-

quence of n-simplices, each obtained from the preceding
one by moving one vertex v; up to w;, starting with v, m
and working backwards to v,. Thus the first step is to Wo w

move [vy,--+,V,] up to [vgy,---,V,_1,w,], then the sec-

ond step is to move this up to [vg, -,V o, W,_1, Wy ],
and so on. In the typical step [vy,---,V;, Wiy, -, W, ]

moves up to [vg,---,v;_1,W;,---,w,]. The region be- v, v,

tween these two n-simplices is exactly the (n+1)-simplex

[vg, -, V;, Wy, - -+, w,] which has [vgy,---,v;,w;,, -+, w,] as its lower face and
[Vg, -+, Vi_1, W, -+, W, ] as its upper face. Altogether, A" X[ is the union of the
(n+1)-simplices [vy, ---,v;, w;, - -+, w, ], each intersecting the next in an n-simplex
face.

Given a homotopy F: XxI—Y from f to g and a singular simplex o :A" — X,
we can form the composition Fe (o x 1): A" xI— X xI—Y . Using this, we can define
prism operators P:C, (X)—C, ., (Y) by the following formula:

P(0) =D (~1)'Fe(ox1)|[vg, Vi Wy, -+, W]

2

We will show that these prism operators satisfy the basic relation

Geometrically, the left side of this equation represents the boundary of the prism, and
the three terms on the right side represent the top A™x {1}, the bottom A" x {0}, and
the sides 0A™ x I of the prism. To prove the relation we calculate

OP(0) = > (=D (=1)/Fe(ox1)|[vg, -+, Dj, -+, Uy Wy, -+, W, ]

j=<i
+ Z(_l)l(_l)J+IFO(UX]]-)'[v()s e !vi!wia e a,L/Dj! e !wn]
j=i
The terms with i = j in the two sums cancel except for Fe (o x 1) | [0y, wg, -+, w,],
whichis geo = g,(0),and —F- (o x1)|[v,---,v,,W,], whichis —fe0 = —f,(0).
The terms with i # j are exactly —Pd (o) since
Pa(o-) = Z(_l)l(_l)JFo(O-X]l)'[UO’ e ’vi’wil e ’{U\ji T ’wn]
i<j

+ > (=D H=1)Fe(ex1)|[vy, -+, D

i>j

j"")vi’wiil'liwn]
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Now we can finish the proof of the theorem. If & € C,(X) is a cycle, then we
have g, () — f,(x) = 0P(x) + Po(x) = 0P(«) since dx = 0. Thus g, (o) — f, () is
a boundary, so g,(x) and f,(x) determine the same homology class, which means
that g, equals f, on the homology class of «. O

The relationship 0P +Pd = g, — f, is expressed by saying P is a chain homotopy
between the chain maps f, and g,. We have just shown:

‘ Proposition 2.12. Chain-homotopic chain maps induce the same homomorphism on
homology. O

There are also induced homomorphisms f, : H,(X)— H, (Y) for reduced homol-
ogy groups since f,& = £ f, where f, is the identity map on the added groups Z in the
augmented chain complexes. The properties of induced homomorphisms we proved
above hold equally well in the setting of reduced homology, with the same proofs.

Exact Sequences and Excision

If there was always a simple relationship between the homology groups of a space
X, a subspace A, and the quotient space X/A, then this could be a very useful tool
in understanding the homology groups of spaces such as CW complexes that can be
built inductively from successively more complicated subspaces. Perhaps the simplest
possible relationship would be if H, (X) contained H,(A) as a subgroup and the
quotient group H, (X)/H, (A) was isomorphic to H,(X/A). While this does hold
in some cases, if it held in general then homology theory would collapse totally since
every space X can be embedded as a subspace of a space with trivial homology groups,
namely the cone CX = (XxI)/(Xx{0}), which is contractible.

It turns out that this overly simple model does not have to be modified too much
to get a relationship that is valid in fair generality. The novel feature of the actual
relationship is that it involves the groups H,,(X), H,,(A), and H, (X /A) for all values
of n simultaneously. In practice this is not as bad as it might sound, and in addition
it has the pleasant side effect of sometimes allowing higher-dimensional homology
groups to be computed in terms of lower-dimensional groups which may already be
known, for example by induction.

In order to formulate the relationship we are looking for, we need an algebraic
definition which is central to algebraic topology. A sequence of homomorphisms

on

Kn+1
An+1 An An—l

is said to be exact if Ker «,, = Im «,,,; for each n. The inclusions Im «,,,; C Ker «,,
are equivalent to «, «,,,; = 0, so the sequence is a chain complex, and the opposite
inclusions Ker «,, C Im «,,,.; say that the homology groups of this chain complex are
trivial.
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A number of basic algebraic concepts can be expressed in terms of exact se-

quences, for example:

i) 0— A-5 B is exactiff Kerx = 0, i.e., « is injective.

(i) A% B — 0 is exact iff Inx = B, i.e., « is surjective.

(iii) 0 — A% B— 0 is exact iff « is an isomorphism, by (i) and (ii).

iv) 0 — A B £, ¢ — 0 is exact iff « is injective, B is surjective, and Ker 8 =
Im &, so B induces an isomorphism C ~ B/Im «. This can be written C ~ B/A if
we think of « as an inclusion of A as a subgroup of B.

An exact sequence 0—A—B— (C—0 as in (iv) is called a short exact sequence.

Exact sequences provide the right tool to relate the homology groups of a space,
a subspace, and the associated quotient space:

Theorem 2.13. If X is a space and A is a nonempty closed subspace that is a defor-
mation retract of some neighborhood in X, then there is an exact sequence

o H (A H, (X0 LS H (XA S H (A (X)) —
- — Hy(X/A)— 0

where i is the inclusion A — X and j is the quotient map X — X /A.

The map 0 will be constructed in the course of the proof. The idea is that an
element x € ﬁn(X/A) can be represented by a chain « in X with dx a cycle in A
whose homology class is dx € H,, (A).

Pairs of spaces (X, A) satisfying the hypothesis of the theorem will be called
good pairs. For example, if X is a CW complex and A is a nonempty subcomplex,
then (X, A) is a good pair by Proposition A.5 in the Appendix.

| Corollary 2.14. H,(S™) ~ Z and H,(S™) =0 for i + n.

Proof: For n > 0 take (X,A) = (D",S"!) so X/A = S". The terms H,;(D") in the
long exact sequence for this pair are zero since D" is contractible. Exactness of the
sequence then implies that the maps ﬁi(S") -2, IjN[i_l(S"_l) are isomorphisms for
i > 0 and that PNIO(S") = 0. The result now follows by induction on n, starting with
the case of S where the result holds by Propositions 2.6 and 2.8. O

As an application of this calculation we have the following classical theorem of
Brouwer, the 2-dimensional case of which was proved in §1.1.

‘ Corollary 2.15. 9D" is not a retract of D™. Hence every map f:D™—D" has a
fixed point.

Proof: If v : D" — 0D" is aretraction, then i = 1 for i:0D"™ — D" the inclusion map.
The composition H, ,(dD") — H, ,(D") —~ H, ,(dD") is then the identity map
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on H, ,(d3D™) ~ Z. But i, and 7, are both 0 since H, ,(D") = 0, and we have a
contradiction. The statement about fixed points follows as in Theorem 1.9. O

The derivation of the exact sequence of homology groups for a good pair (X, A)
will be rather a long story. We will in fact derive a more general exact sequence which
holds for arbitrary pairs (X, A), but with the homology groups of the quotient space
X /A replaced by relative homology groups, denoted H, (X, A). These turn out to be
quite useful for many other purposes as well.

Relative Homology Groups

It sometimes happens that by ignoring a certain amount of data or structure one
obtains a simpler, more flexible theory which, almost paradoxically, can give results
not readily obtainable in the original setting. A familiar instance of this is arithmetic
mod 1, where one ignores multiples of n. Relative homology is another example. In
this case what one ignores is all singular chains in a subspace of the given space.

Relative homology groups are defined in the following way. Given a space X and
a subspace A C X, let C,,(X, A) be the quotient group C, (X)/C, (A). Thus chains in
A are trivial in C, (X, A). Since the boundary map 0:C,,(X)—C,,_, (X) takes C,,(A)
to C,,_(A), it induces a quotient boundary map 0:C,(X,A)—C,,_;(X,A). Letting n
vary, we have a sequence of boundary maps

C > C (X, A) = C, (X, A) — - -

The relation 8% = 0 holds for these boundary maps since it holds before passing to
quotient groups. So we have a chain complex, and the homology groups Kero/Imo
of this chain complex are by definition the relative homology groups H, (X, A). By
considering the definition of the relative boundary map we see:

= Elements of H, (X,A) are represented by relative cycles: n-chains « € C, (X)

such that dx € C,,_;(A).

= Avrelative cycle « is trivial in H, (X, A) iff it is a relative boundary: « =08+ y

for some B € C,,,(X) and y € C,(A).

These properties make precise the intuitive idea that H, (X, A) is ‘homology of X
modulo A’.

The quotient C,(X)/C,(A) could also be viewed as a subgroup of C, (X), the
subgroup with basis the singular n-simplices o :A"™ — X whose image is not con-
tained in A. However, the boundary map does not take this subgroup of C, (X) to
the corresponding subgroup of C,,_; (X), so it is usually better to regard C,,(X,A) as
a quotient rather than a subgroup of C,, (X).

Our goal now is to show that the relative homology groups H,, (X, A) for any pair
(X,A) fit into a long exact sequence

-—H,(A) —H,(X) —>H,(X,A) —H, {(A)—H, ;(X)—---

. — Hy(X,A) — 0
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This will be entirely a matter of algebra. To start the process, consider the diagram

00— C,(A) C(X) —L1— C,(X,A) —> 0

| |2 |
0 — C, ,(A) ——C, ,(X) —L=C, ,(X,A) — 0

where i is inclusion and j is the quotient map. The diagram is commutative by the def-

1

inition of the boundary maps. Letting n vary, and drawing these short exact sequences
vertically rather than horizontally, we 0 0 0

have a large commutative diagram of | 5 | 5 |

the form shown at the right, where the =+ —> A, 4 Ay Ap—
columns are exact and the rows are li 5 ll 5 t

chain complexes which we denote A, -+ — B, B, By, —

B, and C. Such a diagram is called a K 5 | ; |7

short exact sequence of chain com- -+ — (,, Cy Coog— ==
plexes. We will show that when we (1) (l) (l)

pass to homology groups, this short
exact sequence of chain complexes stretches out into a long exact sequence of homol-
ogy groups

> H,(A) L H (B L H,(C) -5 H, (A2 H, | (B)— -

where H,,(A) denotes the homology group Kerd/Imo at A,, in the chain complex A,
and H,(B) and H,,(C) are defined similarly.

The commutativity of the squares in the short exact sequence of chain complexes
means that i and j are chain maps. These therefore induce maps i, and j, on
homology. To define the boundary map 0:H,(C)—H,,_,(A), let ¢ € C,, be a cycle.
Since j is onto, ¢ = j(b) for some b € B,,. The element 0b € B,,_, a
is in Ker j since j(0b) = 0j(b) = 0c = 0. So db = i(a) for some I A
a € A,_; since Kerj = Imi. Note that da = 0 since i(da) = b—>3b li
di(a) = 00b = 0 and i is injective. We define 0:H,, (C) —H,,_;(A) I B, —> B,

¢
C

n

n-1

-1
by sending the homology class of ¢ to the homology class of a,
o[c] = [a]. This is well-defined since:

S

= The element a is uniquely determined by db since i is injective.

« A different choice b" for b would have j(b") = j(b),so b’" — b isin Kerj = Imi.
Thus b" — b =i(a’) for some a’, hence b' = b +i(a’). The effect of replacing b
by b+1i(a’) is to change a to the homologous element a + da’ since i(a+0da’) =
i(a) +i(0a’) =0ob+0i(a’) =0(b+i(a’)).

» A different choice of ¢ within its homology class would have the form ¢ + dc’.
Since ¢’ = j(b") for some b’, we then have ¢ + 0c’ = c +0j(b’) = c + j(ob') =
j(b +0b"), so b is replaced by b + 0b’, which leaves 0b and therefore also a
unchanged.
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The map 0:H,,(C)—H,_,(A) is a homomorphism since if d[c,] = [a,] and d[c,] =
[a,] via elements b, and b, as above, then j(b, + b,) = j(b;) + j(b,) = ¢; + ¢, and
i(a; +a,) =ila;) +ila,) = 0by +0b, = 0(by +by),s0 d([c;]1+ [cp]) =[a]+ [a,].

Theorem 2.16. The sequence of homology groups
©—H (A) > H, (B) L5 H,(C) -5 H, (A)—2>H, [(B)— -
is exact.

Proof: There are six things to verify:

Imi, C Kerj,. This is immediate since ji = 0 implies j,i, = 0.

Im j, c Kerd. We have 0j, = 0 since in this case ob = 0 in the definition of 0.
Imo c Keri, . Here i,0 = 0O since i,0 takes [c] to [db] = 0.

Kerj, ¢ Imi,. A homology class in Ker j, is represented by a cycle b € B, with
j(b) aboundary, so j(b) = dc’ for some ¢’ € C,, . Since j is surjective, ¢’ = j(b")
for some b’ € B,,,;. We have j(b —0b") = j(b) — j(0b") = j(b) —0j(b") = 0 since
0j(b") = oc’ = j(b). So b —db" = i(a) for some a € A,. This a is a cycle since
i(0a) = di(a) =d(b—0b") = 0b = 0 and i is injective. Thus i, [a] = [b—0b'] = [D],
showing that i, maps onto Kerj, .

Kero C Imj, . In the notation used in the definition of 0, if ¢ represents a homology
class in Kerd, then a = da’ for some a’ € A,,. The element b — i(a’) is a cycle
since d(b —i(a’)) = 0b —di(a’) = 0b —i(da’) = 0b —i(a) = 0. And j(b —i(a’)) =
j(b) —ji(a") = j(b) =c, so j, maps [b—i(a’)] to [c].

Keri, € Imo. Given a cycle a € A,,_; such that i(a) = db for some b € B,,, then
j(b) is a cycle since 0j(b) = j(ob) = ji(a) = 0, and 0 takes [j(b)] to [a]. O

This theorem represents the beginnings of the subject of homological algebra.
The method of proof is sometimes called diagram chasing.

Returning to topology, the preceding algebraic theorem yields a long exact se-
quence of homology groups:

> H, (A) = H (X)L H (X, A) -5 H, (A2 H, (X)) — -
o — Hy(X,A) — 0

The boundary map 0:H,(X,A)—H, _,(A) has a very simple description: If a class
[x] € H,(X,A) is represented by a relative cycle «, then o[«] is the class of the
cycle 0x in H,,_; (A). This is immediate from the algebraic definition of the boundary
homomorphism in the long exact sequence of homology groups associated to a short
exact sequence of chain complexes.

This long exact sequence makes precise the idea that the groups H,, (X, A) mea-
sure the difference between the groups H, (X) and H, (A). In particular, exactness



118 Chapter 2 Homology

implies thatif H,, (X, A) = 0 for all n, then the inclusion A — X induces isomorphisms
H,(A) = H,(X) for all n, by the remark (iii) following the definition of exactness. The
converse is also true according to an exercise at the end of this section.

There is a completely analogous long exact sequence of reduced homology groups
for a pair (X,A) with A = &. This comes from applying the preceding algebraic ma-
chinery to the short exact sequence of chain complexes formed by the short exact se-
quences 0—C,(A)—C, (X)—C, (X,A)—0 in nonnegative dimensions, augmented
by the short exact sequence 0 — Z A, 72— 0— 0 in dimension —1. In particular
this means that ﬁn (X,A) is the same as H, (X, A) for all n, when A = &.

Example 2.17. In the long exact sequence of reduced homology groups for the pair
(D",0D™), the maps H;(D",oD") N H; ,(S™!) are isomorphisms for all i > 0
since the remaining terms H,(D™) are zero for all i. Thus we obtain the calculation
nanny . §Z fori=mn
Hy(D",0D™) ~ {0 otherwise
Example 2.18. Applying the long exact sequence of reduced homology groups to a
pair (X, x,) with x, € X yields isomorphisms H, (X, x,) =~ H, (X) for all n since
H, (x,) =0 for all n.

There are induced homomorphisms for relative homology just as there are in the
nonrelative, or ‘absolute’, case. A map f:X—Y with f(A) C B, or more concisely
f:(X,A)—(Y,B), induces homomorphisms f,:C,(X,A)—C,(Y,B) since the chain
map f,:C,(X)—C,(Y) takes C, (A) to C, (B), so we get a well-defined map on quo-
tients, f,:C,(X,A)—C,(Y,B). Therelation f,0 = df, holds for relative chains since
it holds for absolute chains. By Proposition 2.9 we then have induced homomorphisms
fo:H,(X,A)—H,(Y,B).

Proposition 2.19. Iftwomaps f,g:(X,A)— (Y,B) are homotopic through maps of
pairs (X,A)—(Y,B), then f, =g, :H,(X,A)—H,(Y,B).

Proof: The prism operator P from the proof of Theorem 2.10 takes C,, (A) to C,,(B),

hence induces a relative prism operator P:C, (X,A)—C,,,(Y,B). Since we are just

passing to quotient groups, the formula 0P + Po = g, — f, remains valid. Thus the

maps f, and g, onrelative chain groups are chain homotopic, and hence they induce
the same homomorphism on relative homology groups. O

An easy generalization of the long exact sequence of a pair (X,A) is the long
exact sequence of a triple (X, A,B), where B C A C X:
' _>Hn(A;B) _>Hn(X;B) _)Hn(XJA) _)anl(AJB) _—>

This is the long exact sequence of homology groups associated to the short exact
sequence of chain complexes formed by the short exact sequences

0— C,(A,B) — C,(X,B) — C, (X,A) — 0
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For example, taking B to be a point, the long exact sequence of the triple (X, A, B)
becomes the long exact sequence of reduced homology for the pair (X, A).

Excision

A fundamental property of relative homology groups is given by the following
Excision Theorem, describing when the relative groups H,, (X, A) are unaffected by
deleting, or excising, a subset Z C A.

Theorem 2.20. Given subspaces Z C A C X such that the closure of Z is contained
in the interior of A, then the inclusion (X — Z,A — Z) — (X,A) induces isomor-
phisms H,(X -Z,A—-Z)—H, (X, A) for all n. Equivalently, for subspaces A,B C X
whose interiors cover X, the inclusion (B,A N B) — (X, A) induces isomorphisms
H,(B,AnB)—H,(X,A) forall n.

The translation between the two versions is obtained by
setting B=X—-Zand Z = X—B. Then AnB = A—Z and the ( j 7A
condition cl Z C int A is equivalent to X = int A U int B since x

X—-intB=clZ.
The proof of the excision theorem will involve a rather lengthy technical detour

involving a construction known as barycentric subdivision, which allows homology
groups to be computed using small singular simplices. In a metric space ‘smallness’
can be defined in terms of diameters, but for general spaces it will be defined in terms
of covers.

For a space X, let U = {U;} be a collection of subspaces of X whose interiors
form an open cover of X, and let C;Lf(X ) be the subgroup of C, (X) consisting of
chains > ; n;0; such that each o; has image contained in some set in the cover U. The
boundary map 9:C,(X)—C,_,(X) takes CY(X) to C¥ ,(X), so the groups C¥(X)
form a chain complex. We denote the homology groups of this chain complex by
HY(X).

Proposition 2.21. The inclusion L:C}f(X ) — C,(X) is a chain homotopy equiva-
lence, that is, there is a chain map p: C, (X)— CX(X) such that ip and pt are chain
homotopic to the identity. Hence 1 induces isomorphisms HY(X) ~ H, (X) for all n.

Proof: The barycentric subdivision process will be performed at four levels, beginning
with the most geometric and becoming increasingly algebraic.

(1) Barycentric Subdivision of Simplices. The points of a simplex [v,---,v,] are the
linear combinations >; t;v; with >;t; = 1 and ¢; > O for each i. The barycenter or
‘center of gravity’ of the simplex [v, ---,v,] is the point b = >, t;v; whose barycen-
tric coordinates ¢; are all equal, namely ¢; = 1/(n + 1) for each i. The barycentric
subdivision of [v, ---,v,,] is the decomposition of [v, - - -, v,,] into the n-simplices
[b,wy, -, w,_,] where, inductively, [w,,---,w,_;] is an (n — 1)-simplex in the
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barycentric subdivision of a face [v,---,7;,---,v,,]. The induction starts with the
case n = 0 when the barycentric subdivision of [v] is defined to be just [v,] itself.
The next two cases n = 1,2 and
part of the case n = 3 are shown Y
in the figure. It follows from the
inductive definition that the ver-

tices of simplices in the barycen- '
tric subdivision of [vy,---,v,]

are exactly the barycenters of all

the k-dimensional faces [v,, ---,v; ] of [vy,---,v,] for 0 < k <n. When k = 0 this
gives the original vertices v; since the barycenter of a 0-simplex s itself. The barycen-
ter of [v;, - , V;, ] has barycentric coordinates t; = 1/(k + 1) for i =iy, --,i; and
t; = 0 otherwise.

The n-simplices of the barycentric subdivision of A", together with all their faces,
do in fact form a A-complex structure on A", indeed a simplicial complex structure,
though we shall not need to know this in what follows.

A fact we will need is that the diameter of each simplex of the barycentric subdivi-
sionof [vy,---,v,] isatmost n/(n+1) times the diameter of [v,, ---, v, ]. Here the
diameter of a simplex is by definition the maximum distance between any two of its
points, and we are using the metric from the ambient Euclidean space R™ containing
[vg, -+, V,]. The diameter of a simplex equals the maximum distance between any
of its vertices because the distance between two points v and > ; t;v; of [vy, -+, v,]
satisfies the inequality

v = 2itv; ] = | 2iti(v —vy) | < Zitlv — vyl < 3ty max; v — v)| = max;|v - vy

To obtain the bound n/(n + 1) on the ratio of diameters, we therefore need to verify
that the distance between any two vertices w; and wy, of a simplex [wy, -+, w,] of
the barycentric subdivision of [v, ---,v,,] isatmost n/(n+1) times the diameter of
[vg, -+, V,]. If neither w; nor wy is the barycenter b of [v, ---, v, ], then these two
points lie in a proper face of [v,---,v, ] and we are done by induction on n. So we
may suppose w, say, is the barycenter b, and then by the previous displayed inequal-
ity we may take w), to be a vertex v;. Let b; be the barycenter of [vy,---,V;,---,V,],
with all barycentric coordinates equal to 1/ except

for t; = 0. Then we have b = —~v; + - b,;. The %\bi
sum of the two coefficients is 1, so b lies on the line v,

segment [v;, b;] from v; to b;, and the distance from

b to v; is n/(n + 1) times the length of [v;, b;]. Hence the distance from b to v; is
bounded by n/(n + 1) times the diameter of [v,,---,v,].

The significance of the factor n/(n+1) is that by repeated barycentric subdivision
we can produce simplices of arbitrarily small diameter since (n/(n+1))" approaches
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0 as ¥ goes to infinity. It is important that the bound n/(n + 1) does not depend on
the shape of the simplex since repeated barycentric subdivision produces simplices
of many different shapes.

(2) Barycentric Subdivision of Linear Chains. The main part of the proof will be to
construct a subdivision operator S: C,,(X)— C, (X) and show this is chain homotopic
to the identity map. First we will construct S and the chain homotopy in a more
restricted linear setting.

For a convex set Y in some Euclidean space, the linear maps A" —Y generate
a subgroup of C, (Y) that we denote LC, (Y), the linear chains. The boundary map
0:C,(Y)—C,_,(Y) takes LC,(Y) to LC,,_,(Y), so the linear chains form a subcom-
plex of the singular chain complex of Y. We can uniquely designate a linear map
A:A"—Y by [wy,---,w,] where w; is the image under A of the ith vertex of A™.
To avoid having to make exceptions for 0-simplices it will be convenient to augment
the complex LC(Y) by setting LC_,(Y) = Z generated by the empty simplex [J],
with d[w,] = [@] for all 0-simplices [w].

Each point b € Y determines a homomorphism b:LC,(Y)—LC, ,(Y) defined
on basis elements by b([wg,---,w,]) = [b,wy,---,w,]. Geometrically, the homo-
morphism b can be regarded as a cone operator, sending a linear chain to the cone
having the linear chain as the base of the cone and the point b as the tip of the
cone. Applying the usual formula for 0, we obtain the relation ob([wy, ---,w,]) =
[wgy, -+, w,] —b@[wy,---,w,]). By linearity it follows that 0b(x) = x — b(d«x) for
all x € LC, (Y). This expresses algebraically the geometric fact that the boundary of
a cone consists of its base together with the cone on the boundary of its base. The
relation 0b(x) = x—b(0«x) can be rewrittenas 0b+bo = 1, so b is a chain homotopy
between the identity map and the zero map on the augmented chain complex LC(Y).

Now we define a subdivision homomorphism S:LC, (Y)— LC, (Y) by induction
on n. Let A:A"™—Y be a generator of LC,(Y) and let b, be the image of the
barycenter of A" under A. Then the inductive formula for S is S(A) = b, (S0A)
where b,:LC,_;(Y)—LC,(Y) is the cone operator defined in the preceding para-
graph. The induction starts with S([@]) = [D], so S is the identity on LC_,(Y).
It is also the identity on LC,(Y), since when n = 0 the formula for S becomes
S([wyl) = wy(Solwy]) = we(S([D]) = wy([D]) = [wy]. When A is an embed-
ding, with image a genuine n-simplex [w,---,w, ], then S(A) is the sum of the
n-simplices in the barycentric subdivision of [wy,---,w, ], with certain signs that
could be computed explicitly. This is apparent by comparing the inductive definition
of S with the inductive definition of the barycentric subdivision of a simplex.

Let us check that the maps S satisfy 05 = S0, and hence give a chain map from
the chain complex LC(Y) toitself. Since S = 1 on LCy(Y) and LC_,(Y), we certainly
have 0§ = S0 on LC,(Y). The result for larger n is given by the following calculation,
in which we omit some parentheses to unclutter the formulas:
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0SA = 0b,(S0A)
= S0A — b,0(S0A) since 0b, = 1 — b,0
= S0A — b, S(00A) since 0S(0A) = S0(0A) by induction on n
= S0A since 00 = 0

We next build a chain homotopy T:LC, (Y)—LC,,.,(Y) between S and the iden-
tity, fitting into a diagram

. — LC,(Y) LC,(Y) LC,(Y) LC,(Y)——0
ls / ls % Slﬂ % Slﬂ
. —— LC,(Y) LC,(Y) LC,(Y) LC,(Y)——0

We define T on LC, (Y) inductively by setting T = 0 for n = —1 and letting TA =
by(A —ToA) for n = 0. The geometric motivation for this formula is an inductively
defined subdivision of A™xI obtained by
joining all simplices in A" x {0} U 0A" X1
to the barycenter of A" x {1}, as indicated
in the figure in the case n = 2. What T

actually does is take the image of this sub-

division under the projection A" xI— A",
The chain homotopy formula 0T + To = 1 — S is trivial on LC_;(Y) where T =0
and S = 1. Verifying the formula on LC, (Y) with n > 0 is done by the calculation

OTA = 0b,(A —ToA)
=A—TO0A—-Db,0(A—-ToA) since 0b, = 1 — b, 0
=A—TO0A —by[0A — 0T (0A)]
=A—T0A - Db,[S(0A) + TO(6A)] by induction on n
=A—ToA—-SA since 00 = 0 and SA = b, (S0A)

Now we can discard the group LC_;(Y) and the relation 0T + To = 1 — S still
holds since T was zero on LC_;(Y).

(3) Barycentric Subdivision of General Chains. Define S:C,(X)— C, (X) by setting
So = 0,SA" for a singular n-simplex o:A" —X. Since SA" is the sum of the
n-simplices in the barycentric subdivision of A", with certain signs, So is the corre-
sponding signed sum of the restrictions of o to the n-simplices of the barycentric
subdivision of A™. The operator S is a chain map since

0So = 00,SA" = 0,0SA" = 0,S0A"
= 0,S(3;(-1)'A")  where Al is the it" face of A"
=3:(-D'o,SAY
=3, (=D'S(a|a})
=S(3(-Dio|At) = S(d0)
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In similar fashion we define T:C, (X)—C,,,(X) by To = 0,TA", and this gives a
chain homotopy between S and the identity, since the formula 0T + To = 1 — S holds
by the calculation

oTo = aaﬁTA” = (rﬁaTA” = Uﬁ(A" —SA"—ToA"™) =0 —-So — UﬁTaA”
=0 -So-T(0o)

where the last equality follows just as in the previous displayed calculation, with S
replaced by T.

(4) Iterated Barycentric Subdivision. A chain homotopy between 1 and the iterate S™
is given by the operator D,, = > -;.,, T'S' since

oD, + D, 0= > (3TS'+TS'9) = > (aTS'+TasS") =

O<i<m O<i<m
> @T+T9)S'= > (1-5)S'= > (S'-s")=1-5™
O<i<m O<i<m O<i<m

For each singular n-simplex o :A"™ — X there exists an m such that S™ (o) lies in
C}f (X) since the diameter of the simplices of S™(A™) will be less than a Lebesgue
number of the cover of A" by the open sets o ! (int U ;) if m is large enough. (Recall
that a Lebesgue number for an open cover of a compact metric space is a number
€ > 0 such that every set of diameter less than ¢ lies in some set of the cover; such a
number exists by an elementary compactness argument.) We cannot expect the same
number m to work for all o’s, so let us define m (o) to be the smallest m such that
S™g isin CY(X).

We now define D:C,(X)—C,,(X) by setting Do = D,,, 0 for each singular
n-simplex o : A" — X. For this D we would like to find a chainmap p: C,,(X) — C,,(X)
with image in C,E[(X ) satisfying the chain homotopy equation

() oD+Do=1-p

A quick way to do this is simply to regard this equation as defining p, so we let
p =1 —-0D — Do. It follows easily that p is a chain map since
dp(0) =00 — 3°Do - 0Dd0 = 00 — DI
and p(d0) = 00 — dDd0 — Dd%*0 = d0 — dDdT

To check that p takes C,,(X) to C];[(X ) we compute p (o) more explicitly:
p(o0) =0 —-0Do —D(00)
=0 — 0D, 0 — D(00)
=S"™¢ + Dy (00) = D(d0)  since 9D, +D,,d =1 —S™

The term S™ % o lies in C}f (X) by the definition of m (o). The remaining terms

D0y (007) —D(00) are linear combinations of terms Dy, 5 (07j) = Dy () (07) for o

the restriction of o to a face of A", so m(aj) < m(o) and hence the difference
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D0y (0}) = Dy o,y (0) consists of terms TSi(aj) with i > m(o;), and these terms
lie in CY(X) since T takes CY ,(X) to CX(X).

Viewing p as a chain map C,,(X) —>C§f(X) , the equation () says that 0D+ Do =
1—p for L:C}f(X ) = C,,(X) the inclusion. Furthermore, pt = 1 since D is identically
Z€ero on C}f (X),as m(o) =0if o isin C}f (X), hence the summation defining Do is
empty. Thus we have shown that p is a chain homotopy inverse for t. O

Proof of the Excision Theorem: We prove the second version, involving a decom-
position X = A U B. For the cover U = {A, B} we introduce the suggestive notation
C,(A + B) for CX(X), the sums of chains in A and chains in B. At the end of the
preceding proof we had formulas 0D + D0 = 11 — tp and pt = 1. All the maps ap-
pearing in these formulas take chains in A to chains in A, so they induce quotient
maps when we factor out chains in A. These quotient maps automatically satisfy the
same two formulas, so the inclusion C,(A + B)/C, (A) — C,,(X)/C,,(A) induces an
isomorphism on homology. The map C,,(B)/C,,(An B)—C, (A + B)/C, (A) induced
by inclusion is obviously an isomorphism since both quotient groups are free with
basis the singular n-simplices in B that do not lie in A. Hence we obtain the desired
isomorphism H, (B,AnB) = H,, (X, A) induced by inclusion. O

All that remains in the proof of Theorem 2.13 is to replace relative homology
groups with absolute homology groups. This is achieved by the following result.

Proposition 2.22. For good pairs (X, A), the quotient map q:(X,A)— (X/A,A/A)
induces isomorphisms q, :H, (X,A)—H, (X/A,A/A) = ﬁn(X/A) forall n.

Proof: Let V be a neighborhood of A in X that deformation retracts onto A. We
have a commutative diagram

H,(X,A) H,(X,V) H,(X-A V-A)
lq* lq* lq*
H,(X/A,A/A) —— H,(X/A,V/A) — H,(X/A-A/AVJA-A/A)
The upper left horizontal map is an isomorphism since in the long exact sequence of
the triple (X,V,A) the groups H, (V,A) are zero for all n, because a deformation

retraction of V onto A gives a homotopy equivalence of pairs (V,A) ~ (A, A), and
H, (A, A) = 0. The deformation retraction of V onto A induces a deformation retrac-
tion of V/A onto A/A, so the same argument shows that the lower left horizontal
map is an isomorphism as well. The other two horizontal maps are isomorphisms
directly from excision. The right-hand vertical map g, is an isomorphism since g
restricts to a homeomorphism on the complement of A. From the commutativity of
the diagram it follows that the left-hand g, is an isomorphism. O

This proposition shows that relative homology can be expressed as reduced abso-
lute homology in the case of good pairs (X, A), but in fact there is a way of doing this
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for arbitrary pairs. Consider the space X UCA where CA is the cone (AXI)/(Ax {0})

whose base Ax {1} we identify with A c X. Using terminology p
introduced in Chapter 0, X UCA can also be described as the map- CA

ping cone of the inclusion A — X. The assertion is that H, (X, A) : ; ; :
is isomorphic to ﬁn(X U CA) for all n via the sequence of iso- X A
morphisms

H,(XUCA) ~ H, (X UCA,CA) ~ H,(XUCA - {p},CA— {p}) ~ H,(X,A)

where p € CA is the tip of the cone. The first isomorphism comes from the exact
sequence of the pair, using the fact that CA is contractible. The second isomorphism
is excision, and the third comes from a deformation retraction of CA — {p} onto A.

Here is an application of the preceding proposition:

Example 2.23. Let us find explicit cycles representing generators of the infinite
cyclic groups H, (D", dD™) and H,(S"). Replacing (D",3D") by the equivalent pair
(A", 0A™), we will show by induction on n that the identity map i, : A" — A", viewed
as a singular n-simplex, is a cycle generating H,, (A", 0A™). That it is a cycle is clear
since we are considering relative homology. When n = 0 it certainly represents a
generator. For the induction step, let A ¢ A™ be the union of all but one of the
(n — 1)-dimensional faces of A™. Then we claim there are isomorphisms

H, (A", 0A™) —> H, (0A™ A) «<— H, (A"} oA" 1)

The first isomorphism is a boundary map in the long exact sequence of the triple
(A", 0A"™,A), whose third terms H;(A",A) are zero since A" deformation retracts
onto A, hence (A", A) = (A, A). The second isomorphism is induced by the inclusion
i: A" 1S 3A" as the face not contained in A. When n = 1, i induces an isomorphism
on relative homology since this is true already at the chain level. When n > 1, 0A™!
is nonempty so we are dealing with good pairs and i induces a homeomorphism of
quotients A" 1/aA™ 1 ~ 9A™/A. The induction step then follows since the cycle i,, is
sent under the first isomorphism to the cycle di,, which equals +i,, ; in C,,_; (A", A).
To find a cycle generating H,(S™) let us regard S" as two n-simplices A} and
A} with their boundaries identified in the obvious way, preserving the ordering of
vertices. The difference AT — A7, viewed as a singular #-chain, is then a cycle, and we
claim it represents a generator of PNIn(S"). To see this, consider the isomorphisms

H,(S") —> H, (S", A}) <= H, (A" dA})

where the first isomorphism comes from the long exact sequence of the pair (S",A%)
and the second isomorphism is justified in the nontrivial cases n > 0 by passing to
quotients as before. Under these isomorphisms the cycle Al — A% in the first group
corresponds to the cycle AT in the third group, which represents a generator of this
group as we have seen, so A" — A% represents a generator of H, (S™).
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The preceding proposition implies that the excision property holds also for sub-
complexes of CW complexes:

Corollary 2.24. If the CW complex X is the union of subcomplexes A and B, then
the inclusion (B, ANB) — (X, A) induces isomorphisms H,,(B,AnB)—H,, (X, A) for
all n.

Proof: Since CW pairs are good, Proposition 2.22 allows us to pass to the quotient
spaces B/(A n B) and X/A which are homeomorphic, assuming we are not in the
trivial case AnB = . O

Here is another application of the preceding proposition:

Corollary 2.25. For awedge sum Vu Xy, the inclusions i, : X, — \/, X, induce an iso-
morphism @i, : By H, (X,) — H, (\,X,), provided that the wedge sum is formed
at basepoints x, € X, such that the pairs (X, x,) are good.

Proof: Since reduced homology is the same as homology relative to a basepoint, this
follows from the proposition by taking (X, A) = (L1, X, LI4{x4})- O

Here is an application of the machinery we have developed, a classical result of
Brouwer from around 1910 known as ‘invariance of dimension’, which says in partic-
ular that R™ is not homeomorphic to R" if m + n.

‘ Theorem 2.26. If nonempty open sets U ¢ R™ and V c R"™ are homeomorphic,
then m = n.

Proof: For x € U we have H,(U,U - {x}) =~ H,(R™,R™ — {x}) by excision. From
the long exact sequence for the pair (R™,R"™ — {x}) we get H, (R™,R™ — {x}) =~
H, [ (R™ — {x}). Since R™ — {x} deformation retracts onto a sphere $™"! we con-
clude that H,(U,U — {x}) is Z for k = m and O otherwise. By the same reasoning,
H,(V,V —{y}) is Z for k = n and 0 otherwise. Since a homeomorphism h:U—V
induces isomorphisms H; (U,U — {x}) —H(V,V — {h(x)}) for all k, we must have
m=n. O

Generalizing the idea of this proof, the local homology groups of a space X at a
point x € X are defined to be the groups H,, (X, X —{x}). For any open neighborhood
U of x, excision gives isomorphisms H, (X,X — {x}) = H,,(U,U — {x}) assuming
points are closed in X, and thus the groups H, (X,X — {x}) depend only on the
local topology of X near x. A homeomorphism f:X—Y must induce isomorphisms
H,(X,X —{x})=~H,(Y,Y - {f(x)}) for all x and n, so the local homology groups
can be used to tell when spaces are not locally homeomorphic at certain points, as in
the preceding proof. The exercises give some further examples of this.
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Naturality

The exact sequences we have been constructing have an extra property that will
become important later at key points in many arguments, though at first glance this
property may seem just an idle technicality, not very interesting. We shall discuss the
property now rather than interrupting later arguments to check it when it is needed,
but the reader may prefer to postpone a careful reading of this discussion.

The property is called naturality. For example, to say that the long exact sequence
of a pair is natural means that for amap f:(X,A)— (Y, B), the diagram

s H(A) — s H(X) —L s H (X, A) =2 H, (A) — -
(Vo R | £ | £

c —— H,(B) —— H,(Y) =L H,(Y,B) =2 H, (B) — -~
is commutative. Commutativity of the squares involving i, and j, follows from the
obvious commutativity of the corresponding squares of chain groups, with C,, in place
of H,,. For the other square, when we defined induced homomorphisms we saw that
f:0 = 0f, atthe chain level. Then for a class [«] € H, (X, A) represented by a relative
cycle o, we have f, 0[] = f,[0a] = [f,0x] = [0f,x] = O[f, x] = Of, [«x].

Alternatively, we could appeal to the general algebraic fact that the long exact

sequence of homology groups associated to a short exact sequence of chain complexes
is natural: For a commutative diagram of short exact sequences of chain complexes

0 0 0
T S ST S
- o An+1 o An X A"*1
A / | A / | 0 A / |
n+1 li, n li/ n-1 li,
i 4 a i l4 a i» 4
. Bn+1 B Bn B Bn—l
B B/' I - ol B =
n+1 lJ/ n lJl n-1 lJ/
. Jy/, C7:+1 < Jy/, C‘V;, 2 Jy/, CV,L—I
Cn+l 1 ¢ Cn l 2 Cn—l 1
| 0 | 0 | 0
0 0 0

: — H,(A) —— H,(B") —~
is commutative. Commutativity of the first two squares is obvious since Bi = i’ «
implies B,i, = i,«, and yj = j'B implies y, j, = j. B, . For the third square, recall
that the map 0:H, (C)—H,,_,(A) was defined by 0[c] = [a] where ¢ = j(b) and
i(a) = 0b. Then 0[y(c)] = [a(a)] since y(c) = yj(b) = j (B(b)) and i’ (x(a)) =
Bi(a) = Bo(b) = 0B(b). Hence oy, [c] = x,[a] = x,0[c].
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This algebraic fact also implies naturality of the long exact sequence of a triple
and the long exact sequence of reduced homology of a pair.

Finally, there is the naturality of the long exact sequence in Theorem 2.13, that
is, commutativity of the diagram

D F(A) = F(X) =2 J(X/A) =2 H, (A) —
. | £ |7 | £
 —— H,(B) — (V) =X A(v/B) —2 H, (B) — ---
where i and g denote inclusions and quotient maps, and f:X/A— Y /B is induced
by f. The first two squares commute since fi = if and fq = qf. The third square

expands into

H,(X/A) % Hy(X/A,A/A) —2 (X, A) 2L H, (A)
ﬁ* 1f* lf* lf*
A.(Y/B) —L— H,(Y/B,B/B) —%— H,(Y,B) —— H,(B)

We have already shown commutativity of the first and third squares, and the second

square commutes since fq = q.f.

The Equivalence of Simplicial and Singular Homology

We can use the preceding results to show that the simplicial and singular homol-
ogy groups of A-complexes are always isomorphic. For the proof it will be convenient
to consider the relative case as well, so let X be a A-complex with A C X a sub-
complex. Thus A is the A-complex formed by any union of simplices of X. Relative
groups Hﬁ(X ,A) can be defined in the same way as for singular homology, via relative
chains A, (X,A) = A,,(X) /A, (A), and this yields a long exact sequence of simplicial
homology groups for the pair (X, A) by the same algebraic argument as for singular
homology. There is a canonical homomorphism Hﬁ(X ,A)— H, (X, A) induced by the
chain map A, (X,A)—C,(X,A) sending each n-simplex of X to its characteristic
map o :A"— X. The possibility A = @ is not excluded, in which case the relative
groups reduce to absolute groups.

Theorem 2.27. The homomorphisms H,%(X ,A)—H, (X, A) are isomorphisms for

all n and all A-complex pairs (X,A).

Proof: First we do the case that X is finite-dimensional and A is empty. For Xk
the k-skeleton of X, consisting of all simplices of dimension k or less, we have a
commutative diagram of exact sequences:

H2 (X X)) — HA(XY ) — HA(XY) — HAX XYY — B2 (X5

n

l | l l l

H, (xX*xX*)—H (X"") — H/(X")— H (X*X"") —H_ (X*")



Simplicial and Singular Homology Section 2.1 129

Let us first show that the first and fourth vertical maps are isomorphisms for all ».
The simplicial chain group An(Xk,X k=1) js zero for n + k, and is free abelian with
basis the k-simplices of X when n = k. Hence Hﬁ(Xk,Xk_l) has exactly the same
description. The corresponding singular homology groups H,, (X k x*1y can be com-
puted by considering the map &®: [ (X(A'g(, aA'&) — (X%, x*1) formed by the character-
istic maps AF— X for all the k-simplices of X. Since ¢ induces a homeomorphism
of quotient spaces [[,AK/[1,0A% ~ X*/x*7! it induces isomorphisms on all singu-
lar homology groups. Thus Hn(Xk,kal) is zero for n + k, while for n = k this
group is free abelian with basis represented by the relative cycles given by the char-
acteristic maps of all the k-simplices of X, in view of the fact that Hk(Ak, oAK) is
generated by the identity map AF— AK as we showed in Example 2.23. Therefore the
map H,f(Xk,kal)aHk(Xk,kal) is an isomorphism.

By induction on k we may assume the second and fifth vertical maps in the pre-
ceding diagram are isomorphisms as well. The following frequently quoted basic alge-
braic lemma will then imply that the middle vertical map is an isomorphism, finishing
the proof when X is finite-dimensional and A = &.

The Five-Lemma. In a commutative diagram A
of abelian groups as at the right, if the two rows l o 1 B l y l 5 l £
are exactand «, B, 6, and £ are isomorphisms, A’ L. L. ¢

then y is an isomorphism also.

Proof: It suffices to show:
(@) y is surjective if B and 6 are surjective and ¢ is injective.
(b) y is injective if B and 6 are injective and « is surjective.

The proofs of these two statements are straightforward diagram chasing. There is
really no choice about how the argument can proceed, and it would be a good exercise
for the reader to close the book now and reconstruct the proofs without looking.

To prove (a), start with an element ¢’ € C'. Then k'(¢’) = 6(d) for some d € D
since § is surjective. Since ¢ is injective and £€(d) = £'6(d) = L'k’ (¢’) = 0, we
deduce that £(d) = 0, hence d = k(c) for some ¢ € C by exactness of the upper row.
The difference ¢’ — y(c) maps to 0 under k" since k'(c’) —k'y(c) = k'(c") — S5k(c) =
k'(c") — 8(d) = 0. Therefore ¢’ — y(c) = j'(b") for some b’ € B’ by exactness. Since
B is surjective, b" = B(b) for some b € B, and then y(c + j(b)) = y(c) + yj(b) =
y(c) + j B(b) =y(c)+j (b)) =c’, showing that y is surjective.

To prove (b), suppose that y(c) = 0. Since ¢ is injective, k(c) = k'y(c) = 0
implies k(c) = 0, so ¢ = j(b) for some b € B. The element B(b) satisfies j' B(b) =
yj(b) = y(c) =0,s0 B(b) =1i'(a’) forsome a’ € A’. Since « is surjective, a’ = x(a)
for some a € A. Since B is injective, B(i(a) — b) = Bi(a) — B(b) = i'x(a) — B(b) =
i'(a’)—B(b) = 0 implies i(a)—b = 0. Thus b = i(a), and hence ¢ = j(b) = ji(a) =0
since ji = 0. This shows y has trivial kernel. O
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Returning to the proof of the theorem, we next consider the case that X is infinite-
dimensional, where we will use the following fact: A compact set in X can meet only
finitely many open simplices of X, that is, simplices with their proper faces deleted.
This is a general fact about CW complexes proved in the Appendix, but here is a
direct proof for A-complexes. If a compact set C intersected infinitely many open
simplices, it would contain an infinite sequence of points x; each lying in a different
open simplex. Then the sets U; = X —Uj,;{x;}, which are open since their preimages
under the characteristic maps of all the simplices are clearly open, form an open cover
of C with no finite subcover.

This can be applied to show the map Hﬁ(X )— H, (X) is surjective. Represent a
given element of H,, (X) by a singular n-cycle z. This is alinear combination of finitely
many singular simplices with compact images, meeting only finitely many open sim-
plices of X, hence contained in X* for some k. We have shown that H5(X*) — H,, (X*)
is an isomorphism, in particular surjective, so z is homologous in X k (hence in X) to
a simplicial cycle. This gives surjectivity. Injectivity is similar: If a simplicial n-cycle
z is the boundary of a singular chain in X, this chain has compact image and hence
must lie in some XX, so z represents an element of the kernel of H2(X*)— H,, (X*).
But we know this map is injective, so z is a simplicial boundary in X k and therefore
in X.

It remains to do the case of arbitrary X with A = &, but this follows from the
absolute case by applying the five-lemma to the canonical map from the long exact
sequence of simplicial homology groups for the pair (X, A) to the corresponding long
exact sequence of singular homology groups. O

We can deduce from this theorem that H, (X) is finitely generated whenever X
is a A-complex with finitely many n-simplices, since in this case the simplicial chain
group A, (X) is finitely generated, hence also its subgroup of cycles and therefore
also the latter group’s quotient Hﬁ(X ). If we write H,,(X) as the direct sum of cyclic
groups, then the number of Z summands is known traditionally as the n" Betti
number of X, and integers specifying the orders of the finite cyclic summands are
called torsion coefficients.

It is a curious historical fact that homology was not thought of originally as a
sequence of groups, but rather as Betti numbers and torsion coefficients. One can
after all compute Betti numbers and torsion coefficients from the simplicial boundary
maps without actually mentioning homology groups. This computational viewpoint,
with homology being numbers rather than groups, prevailed from when Poincaré first
started serious work on homology around 1900, up until the 1920s when the more
abstract viewpoint of groups entered the picture. During this period ‘homology’ meant
primarily ‘simplicial homology’, and it was another 20 years before the shift to singular
homology was complete, with the final definition of singular homology emerging only
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in a 1944 paper of Eilenberg, after contributions from quite a few others, particularly
Alexander and Lefschetz. Within the next few years the rest of the basic structure
of homology theory as we have presented it fell into place, and the first definitive
treatment appeared in the classic book [Eilenberg & Steenrod 1952].

Exercises

1. What familiar space is the quotient A-complex of a 2-simplex [v,, v, V,] obtained
by identifying the edges [v,, v,] and [v,, V,], preserving the ordering of vertices?
2. Show that the A-complex obtained from A’ by performing the order-preserving
edge identifications [vy,v,] ~ [vy,v3] and [vy,v,] ~ [V,, V3] deformation retracts
onto a Klein bottle. Also, find other pairs of identifications of edges that produce
A-complexes deformation retracting onto a torus, a 2-sphere, and RP?.

3. Construct a A-complex structure on RP" as a quotient of a A-complex structure
on S™ having vertices the two vectors of length 1 along each coordinate axis in R™"!.

4. Compute the simplicial homology groups of the triangular parachute obtained from
A? by identifying its three vertices to a single point.

5. Compute the simplicial homology groups of the Klein bottle using the A-complex
structure described at the beginning of this section.

6. Compute the simplicial homology groups of the A-complex obtained from n + 1
2-simplices A3, - --,AZ by identifying all three edges of A3 to a single edge, and for
i > 0 identifying the edges [v,,v,] and [v,, V5] of Af to a single edge and the edge
[Vg, V5] to the edge [vy, v,] of A? ;.

7. Find a way of identifying pairs of faces of A3 to produce a A-complex structure
on 3 having a single 3-simplex, and compute the simplicial homology groups of this
A-complex.

8. Construct a 3-dimensional A-complex X from n tetrahe-

dra Ty, ---,T, by the following two steps. First arrange the

tetrahedra in a cyclic pattern as in the figure, so that each T;

shares a common vertical face with its two neighbors T;_,

and T;,,, subscripts being taken mod n. Then identify the

bottom face of T; with the top face of T;,; for each i. Show the simplicial homology
groups of X in dimensions 0, 1, 2, 3 are Z, Z,,, 0, Z, respectively. [The space X is
an example of a lens space; see Example 2.43 for the general case.]

9. Compute the homology groups of the A-complex X obtained from A™ by identi-
fying all faces of the same dimension. Thus X has a single k-simplex for each k < n.

10. (a) Show the quotient space of a finite collection of disjoint 2-simplices obtained
by identifying pairs of edges is always a surface, locally homeomorphic to R?.

(b) Show the edges can always be oriented so as to define a A-complex structure on
the quotient surface. [This is more difficult.]
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11. Show that if A is a retract of X then the map H, (A)— H, (X) induced by the
inclusion A C X is injective.

12. Show that chain homotopy of chain maps is an equivalence relation.

13. Verify that f =~ g implies f, = g, for induced homomorphisms of reduced
homology groups.

14. Determine whether there exists a short exact sequence 0—>72,—Zg®7,—7,—0.
More generally, determine which abelian groups A fit into a short exact sequence
0—Z,m—A—Z,»—0 with p prime. What about the case of short exact sequences
0—-72—A—7,—07?

15. For an exact sequence A— B— C— D —E show that C = 0 iff the map A—B
is surjective and D — E is injective. Hence for a pair of spaces (X, A), the inclusion
A — X induces isomorphisms on all homology groups iff H,, (X, A) = 0 for all n.

16. (a) Show that Hy(X,A) = 0 iff A meets each path-component of X.
(b) Show that H,(X,A) = 0 iff H,(A) — H, (X) is surjective and each path-component
of X contains at most one path-component of A.

17. (a) Compute the homology groups H,, (X, A) when X is S? or S'xS! and A is a
finite set of points in X.

(b) Compute the groups H, (X,A) and H,, (X, B) for X

a closed orientable surface of genus two with A and B e&
the circles shown. [What are X/A and X/B?]

18. Show that for the subspace Q C R, the relative homology group H, (R, Q) is free
abelian and find a basis.

19. Compute the homology groups of the subspace of IxI consisting of the four
boundary edges plus all points in the interior whose first coordinate is rational.

20. Show that H,(X) ~ H, ., (SX) for all n, where SX is the suspension of X. More
generally, thinking of SX as the union of two cones CX with their bases identified,
compute the reduced homology groups of the union of any finite number of cones
CX with their bases identified.

21. Making the preceding problem more concrete, construct explicit chain maps
5:C,(X)—C(C,,1(SX) inducing isomorphisms I—NIn(X) —>ITI,1+1 ($X).

22. Prove by induction on dimension the following facts about the homology of a
finite-dimensional CW complex X, using the observation that X"/X" ! is a wedge
sum of n-spheres:
(@) If X has dimension n then H;(X) =0 for i > n and H,, (X) is free.
(b) H,, (X) is free with basis in bijective correspondence with the n-cells if there are
no cells of dimension n —1 or n + 1.
(o) If X has k mn-cells, then H, (X) is generated by at most k elements.
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23. Show that the second barycentric subdivision of a A-complex is a simplicial
complex. Namely, show that the first barycentric subdivision produces a A-complex
with the property that each simplex has all its vertices distinct, then show that for a
A-complex with this property, barycentric subdivision produces a simplicial complex.

24. Show that each n-simplex in the barycentric subdivision of A" is defined by n
inequalities t; <t; <--- <t; inits barycentric coordinates, where (iy,---,1,) isa
permutation of (0,---,n).

25. Find an explicit, noninductive formula for the barycentric subdivision operator
S:C,(X)—C,(X).

26. Show that H,(X,A) is not isomorphic to H,(X/A) if X = [0,1] and A is the
sequence 1,1/,,1/5, - -+ together with its limit 0. [See Example 1.25.]

27. Let f:(X,A)— (Y,B) be a map such that both f:X—Y and the restriction
f:A— B are homotopy equivalences.

(a) Show that f, :H,(X,A)—H, (Y,B) is an isomorphism for all n.

(b) For the case of the inclusion f:(D",S" ') — (D", D" — {0}), show that f is not
a homotopy equivalence of pairs — there is no g: (D", D" — {0})— (D", S"!) such
that fg and gf are homotopic to the identity through maps of pairs. [Observe that
a homotopy equivalence of pairs (X,A)— (Y, B) is also a homotopy equivalence for
the pairs obtained by replacing A and B by their closures.]

28. Let X be the cone on the 1-skeleton of A®, the union of all line segments joining
points in the six edges of A3 to the barycenter of A%. Compute the local homology
groups H,(X,X — {x}) for all x € X. Define 0X to be the subspace of points x
such that H,(X,X — {x}) = 0 for all n, and compute the local homology groups
H, (0X,0X - {x}). Use these calculations to determine which subsets A ¢ X have the
property that f(A) C A for all homeomorphisms f: X — X.

29. Show that S'xS' and S' v S' v $? have isomorphic homology groups in all
dimensions, but their universal covering spaces do not.

30. In each of the following commutative diagrams assume that all maps but one are
isomorphisms. Show that the remaining map must be an isomorphism as well.

A——B A——B A—>B
N/ ! ! | I
C C——D C—D

31. Using the notation of the five-lemma, give an example where the maps «, f, 96,
and ¢ are zero but y is nonzero. This can be done with short exact sequences in
which all the groups are either Z or 0.
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2.2 Computations and Applications

Now that the basic properties of homology have been established, we can begin
to move a little more freely. Our first topic, exploiting the calculation of H, (S"), is
Brouwer’s notion of degree for maps S"™ — S™. Historically, Brouwer’s introduction of
this concept in the years 1910-12 preceded the rigorous development of homology,
so his definition was rather different, using the technique of simplicial approximation
which we explain in §2.C. The later definition in terms of homology is certainly more
elegant, though perhaps with some loss of geometric intuition. More in the spirit of
Brouwer’s definition is a third approach using differential topology, presented very
lucidly in [Milnor 1965].

Degree

For a map f:S"—S" with n > 0, the induced map f,:H,(S")—H,(S") is a
homomorphism from an infinite cyclic group to itself and so must be of the form
f«(x) = da for some integer d depending only on f. This integer is called the
degree of f, with the notation deg f. Here are some basic properties of degree:

(@) degll =1, since 1, = 1.

(b) deg f =0 if f is not surjective. For if we choose a point x, € " — f(S") then f
can be factored as a composition " —S" — {x,} < S" and H,(S" — {x,}) =0
since S™ — {x,} is contractible. Hence f, = 0.

(c) If f =g then deg f = degg since f, = g,. The converse statement, that f ~ g
if deg f = degg, is a fundamental theorem of Hopf from around 1925 which we
prove in Corollary 4.25.

(d) deg fg = deg fdegg, since (fg), = fygs- As a consequence, deg f = +1 if f
is a homotopy equivalence since fg ~ 1 implies deg f degg = degl = 1.

(e) degf = —1 if f is a reflection of S, fixing the points in a subsphere $" !
and interchanging the two complementary hemispheres. For we can give S" a
A-complex structure with these two hemispheres as its two n-simplices A}' and

%, and the n-chain Al' — A} represents a generator of H,(S™) as we saw in
Example 2.23, so the reflection interchanging A} and A} sends this generator to
its negative.

n+1

(f) The antipodal map —1:5S"—S", x — —x, has degree (—1) since it is the

composition of n + 1 reflections, each changing the sign of one coordinate in
[Rn+1 )

(g) If £:S™— S™ has no fixed points then deg f = (—=1)""!. Forif f(x) # x then the
line segment from f(x) to —x, definedby t — (1 —t)f(x) —-tx for0 <t <1,
does not pass through the origin. Hence if f has no fixed points, the formula
fi(x) =1 -t)f(x) —tx]/I1(1 —t)f(x) — tx| defines a homotopy from f to
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the antipodal map. Note that the antipodal map has no fixed points, so the fact
that maps without fixed points are homotopic to the antipodal map is a sort of
converse statement.

Here is an interesting application of degree:

H Theorem 2.28. S™ has a continuous field of nonzero tangent vectors iff n is odd.

Proof: Suppose x — v(x) is a tangent vector field on S", assigning to a vector
x € S™ the vector v (x) tangent to S™ at x. Regarding v (x) as a vector at the origin
instead of at x, tangency just means that x and v(x) are orthogonal in R"™!. If
v(x) # 0 for all x, we may normalize so that |v(x)| = 1 for all x by replacing v (x)
by v(x)/|v(x)|. Assuming this has been done, the vectors (cost)x + (sint)v(x) lie
in the unit circle in the plane spanned by x and v (x). Letting t go from 0 to 1T, we
obtain a homotopy f;(x) = (cost)x + (sint)v (x) from the identity map of S" to the
antipodal map —1. This implies that deg(—1) = deg 1, hence (-1)""! = 1 and n
must be odd.

Conversely, if n is odd, say n = 2k — 1, we can define v (x, X5, -+, Xop_1,X2x) =
(=Xp,X1, "+, =Xk, Xok—1) - Then v(x) is orthogonal to x, so v is a tangent vector
field on S™, and |v(x)| =1 for all x € S™. O

For the much more difficult problem of finding the maximum number of tan-
gent vector fields on S" that are linearly independent at each point, see [VBKT] or
[Husemoller 1966].

Another nice application of degree, giving a partial answer to a question raised in
Example 1.43, is the following result:

Proposition 2.29. 7, is the only nontrivial group that can act freely on S™ if n is
P 2 Y group y

even.

Recall that an action of a group G on a space X is a homomorphism from G
to the group Homeo(X) of homeomorphisms X — X, and the action is free if the
homeomorphism corresponding to each nontrivial element of G has no fixed points.
In the case of S", the antipodal map x — —x generates a free action of Z,.

Proof: Since homeomorphisms have degree +1, an action of a group G on S" de-
termines a degree function d:G— {+1}. This is a homomorphism since deg fg =
deg f deg g. If the action is free, d sends each nontrivial element of G to (-1)""! by
property (g) above. Thus when 7 is even, d has trivial kernel, so G C Z,. O

Next we describe a technique for computing degrees which can be applied to most
maps that arise in practice. Suppose f:S"—S", n > 0, has the property that for
some point y € S", the preimage f !(y) consists of only finitely many points, say
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X1, , X, Let Uy, -+, U, be disjoint neighborhoods of these points, mapped by f
into a neighborhood V of y. Then f(U; — x;) C V — y for each i, and we have a

diagram £,
- Hn(Ui’ Ui—Xi)—> Hn(V,V—y)

/ lki lz

Ho(S" S x7) 2 HL(S™ S"= £~ (v) =L H,(5" §"~ )

x Ij Jx Iz

H,(S")

where all the maps are the obvious ones, and in particular k; and p; are induced

by inclusions, so the triangles and squares commute. The two isomorphisms in the
upper half of the diagram come from excision, while the lower two isomorphisms come
from exact sequences of pairs. Via these four isomorphisms, the top two groups in the
diagram can be identified with H, (S") =~ Z, and the top homomorphism f, becomes
multiplication by an integer called the local degree of f at x;, written deg f | x;.
For example, if f is a homeomorphism, then y can be any point and there is
only one corresponding x;, so all the maps in the diagram are isomorphisms and
deg f|x; = deg f
V, then deg f |x; = +1 for each i. This situation occurs quite often in applications,

+1. More generally, if f maps each U; homeomorphically onto

and it is usually not hard to determine the correct signs.
Here is the formula that reduces degree calculations to computing local degrees:

| Proposition 2.30. deg f = 3, deg f | x;.

Proof: By excision, the central term H,(S",S™ — f '(y)) in the preceding diagram
is the direct sum of the groups H,,(U;,U; — x;) =~ Z, with k; the inclusion of the i*
summand. The map p; is projection onto the i summand since the upper triangle
commutes and p;k; = 0 for j # i, as p;k; factors through H,,(U;,U;) = 0. Identi-
fying the outer groups in the diagram with Z as before, commutativity of the lower
triangle says that p;j(1) = 1, hence j(1) = (1,---,1) = >, k;(1). Commutativity of
the upper square says that the middle f, takes k,;(1) to deg f|x;, hence the sum
> k;(1) = j(1) is taken to X ;deg f|x;. Commutativity of the lower square then
gives the formula deg f = >, deg f | x;. O

Example 2.31. We can use this result to construct amap S™ — S™ of any given degree,
for each n > 1. Let q:S"—\/;S" be the quotient map obtained by collapsing the
complement of k disjoint openballs B; in S" to a point, and let p:\/, S — S™ identify
all the summands to a single sphere. Consider the composition f = pq. For almost all
y € S™ we have f~!(y) consisting of one point x; in each B;. The local degree of f
at x; is =1 since f is a homeomorphismnear x;. By precomposing p with reflections
of the summands of \/, S™ if necessary, we can make each local degree either +1 or
—1, whichever we wish. Thus we can produce a map S"—S" of degree *k.
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Example 2.32. In the case of S!, the map f(z) = z¥, where we view S' as the unit
circle in C, has degree k. This is evident in the case k = 0 since f is then constant.
The case k < 0 reduces to the case k > 0 by composing with z — z!, which is a
reflection, of degree —1. To compute the degree when k > 0, observe first that for
any v € S', f1(») consists of k points Xy, ,X; near each of which f is a local
homeomorphism, stretching a circular arc by a factor of k. This local stretching can
be eliminated by a deformation of f near x; that does not change local degree, so the
local degree at x; is the same as for a rotation of S 1 Arotation is a homeomorphism
so its local degree at any point equals its global degree, which is +1 since a rotation

is homotopic to the identity. Hence deg f |x; = 1 and deg f = k.

Another way of obtaining a map S" —S" of degree k is to take a repeated sus-
pension of the map z — zFin Example 2.32, since suspension preserves degree:

‘ Proposition 2.33. deg Sf = deg f, where Sf:S""1 —S"*L s the suspension of the
map f:S"—S".
Proof: Let CS™ denote the cone (S"xI)/(S"x1) with base S™ = S"x0 c CS",
so CS™/S™ is the suspension of S". The map f induces Cf:(CS"™,S")— (CS™,S™)
with quotient S f. The naturality of the boundary maps ~ ~
q f Y y p Hn+1(5n+1) 0 Hn(STL)
gives commutativity of the diagram at the right. Hence le * lf *
if f, is multiplication by d, sois Sf,. o H,.(S"™) % H,(S")

U

in the long exact sequence of the pair (CS™,S™) then

Note that for f:S™—S", the suspension S f maps only one point to each of the
two ‘poles’ of S™*!. This implies that the local degree of Sf at each pole must equal
the global degree of Sf. Thus the local degree of a map S —S™ can be any integer
if n > 2, just as the degree itself can be any integer when n > 1.

Cellular Homology

Cellular homology is a very efficient tool for computing the homology groups of
CW complexes, based on degree calculations. Before giving the definition of cellular
homology, we first establish a few preliminary facts:

Lemma 2.34. If X is a CW complex, then:

(a) Hk(X",anl) is zero for k + n and is free abelian for k = n, with a basis in
one-to-one correspondence with the n-cells of X .

(b) Hy(X™) =0 for k > n. In particular, if X is finite-dimensional then H,(X) = 0
for k > dim X.

(c) The map H,(X")— H,(X) induced by the inclusion X" — X is an isomorphism

for k < n and surjective for k = n.

Proof: Statement (a) follows immediately from the observation that (X", X" 1) is a
good pair and X"/X" ! is a wedge sum of n-spheres, one for each n-cell of X. Here
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we are using Proposition 2.22 and Corollary 2.25. Next consider the following part of
the long exact sequence of the pair (X", X" 1):

Hy o (X" X" — H (X" — H (X™) — H (X", X" 1)

If k + n the last term is zero by part (a) so the middle map is surjective, while if
k # n — 1 then the first term is zero so the middle map is injective. Now look at the
inclusion-induced homomorphisms

H, (X% - H (X)) — .- — H (X*1) — H (XY — H (XK — ...

By what we have just shown these are all isomorphisms except that the map to Hy (X )
may not be surjective and the map from H (X ky may not be injective. The first part
of the sequence then gives statement (b) since H; (X 9y = 0 when k > 0. Also, the last
part of the sequence gives (¢) when X is finite-dimensional.

The proof of (c) when X is infinite-dimensional requires more work, and this can
be done in two different ways. The more direct approach is to descend to the chain
level and use the fact that a singular chain in X has compact image, hence meets only
finitely many cells of X by Proposition A.1 in the Appendix. Thus each chain lies
in a finite skeleton X™. So a k-cycle in X is a cycle in some X", and then by the
finite-dimensional case of (c), the cycle is homologous to a cycle in X" if n > k, so
H, (X™)— H,(X) is surjective. Similarly for injectivity, if a k-cycle in X" bounds a
chain in X, this chain lies in some X" with m > n, so by the finite-dimensional case
the cycle bounds a chain in X" if n > k.

The other approach is more general. From the long exact sequence of the pair
(X, X") it suffices to show H,(X,X™) = 0 for k < n. Since H, (X, X") ~ H,(X/X"),
this reduces the problem to showing:

() H.(X) =0 for k < n if the n-skeleton of X is a point.

When X is finite-dimensional, (*) is immediate from the finite-dimensional case
of (c) which we have already shown. It will suffice therefore to reduce the infinite-
dimensional case to the finite-dimensional case. This reduction will be achieved by
stretching X out to a complex thatis at least locally finite-dimensional, using a special
case of the ‘mapping telescope’ construction described in greater generality in §3.F.
Consider Xx [0, o) with its product cell structure, _

where we give [0, o) the cell structure with the integer I ', R

points as O-cells. Let T = UiXix[i,oo), a subcomplex
of Xx[0,00). The figure shows a schematic picture of T with [0, ) in the hor-
izontal direction and the subcomplexes X '%[i,i+ 1] as rectangles whose size in-
creases with i since X' c X'*!. The line labeled R can be ignored for now. We claim
that T ~ X, hence Hp(X) = H(T) for all k. Since X is a deformation retract of
X %[0, o), it suffices to show that X x [0, «) also deformation retracts onto T. Let
Y; = TU(XX[i,)). Then Y; deformation retracts onto Y;,, since X x[i,i+1] defor-
mation retracts onto X'x [i,i+1]U XX {i+ 1} by Proposition 0.16. If we perform the
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deformation retraction of Y; onto Y;,, during the t-interval [1 —1/2%1 —1/2"*1],
then this gives a deformation retraction f; of Xx[0,0) onto T, with points in
X'x [0, o) stationary under Jrfort>=1-1/ 21 Continuity follows from the fact
that CW complexes have the weak topology with respect to their skeleta, so a map is
continuous if its restriction to each skeleton is continuous.

Recalling that X° is a point, let R ¢ T be the ray X x [0, o) and let Z c T be the
union of this ray with all the subcomplexes X'x {i}. Then Z/R is homeomorphic to
V; X i a wedge sum of finite-dimensional complexes with n-skeleton a point, so the
finite-dimensional case of (x) together with Corollary 2.25 describing the homology
of wedge sums implies that I—NIk(Z /R) = 0 for k < n. The same is therefore true for Z,
from the long exact sequence of the pair (Z,R), since R is contractible. Similarly, T/Z
is a wedge sum of finite-dimensional complexes with (n + 1)-skeleton a point, since
if we first collapse each subcomplex X'x {i} of T to a point, we obtain the infinite
sequence of suspensions SX' ‘skewered’ along the ray R, and then if we collapse R to
a point we obtain \/; X" where 3X" is the reduced suspension of X', obtained from
SX? by collapsing the line segment X°x [i,i+1] to a point, so >X' has (n+1)-skeleton
a point. Thus ﬁk(T/Z) =0 for k < n+ 1. The long exact sequence of the pair (T, Z)
then implies that ﬁk(T) = 0 for k < n, and we have proved (). O

Let X be a CW complex. Using Lemma 2.34, portions of the long exact sequences
for the pairs (X", X™), (X", X" 1), and (X" !, X" ?) fit into a diagram

0
/'

0 H(X™") = H(X)

\ /

H,(X")
a?’L+1 In
n+1 n dn+l n n-1 dn n-1 n-2
— S H,, (X™LX™) H (X" X" H, (X"'X"?%) —

where d,,, and d,, are defined as the compositions j,,0,,,; and j,_,0,,, which are
just ‘relativizations’ of the boundary maps 9,,.; and 0,,. The composition d,4d,,,,
includes two successive maps in one of the exact sequences, hence is zero. Thus the
horizontal row in the diagram is a chain complex, called the cellular chain complex
of X since H, (X", X" ') is free with basis in one-to-one correspondence with the
n-cells of X, so one can think of elements of Hn(X",X"_l) as linear combinations
of n-cells of X. The homology groups of this cellular chain complex are called the
cellular homology groups of X. Temporarily we denote them H,EW(X ).

H ‘Theorem 2.35. HSY (X) = H,(X).
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Proof: From the diagram above, H, (X) can be identified with H, (X")/Imad,_.
Since j, is injective, it maps Imd,,,; isomorphically onto Im(j,,0,,,) = Imd,
and H, (X™) isomorphically onto Im j, = Kerd,,. Since j,_; is injective, Kerd, =
Kerd, . Thus j, induces an isomorphism of the quotient H, (X")/Imad, ,, onto
Kerd, /Imd,,, . O

Here are a few immediate applications:

i) H,(X) =0 if X is a CW complex with no n-cells.

(ii) More generally, if X is a CW complex with k n-cells, then H, (X) is generated
by at most k elements. For since H,, (X", X" 1) is free abelian on k generators,
the subgroup Kerd, must be generated by at most k elements, hence also the
quotient Kerd,,/Imd,, ;.

(iii) If X is a CW complex having no two of its cells in adjacent dimensions, then
H, (X) is free abelian with basis in one-to-one correspondence with the n-cells
of X. This is because the cellular boundary maps d,, are automatically zero in
this case.

This last observation applies for example to CP", which has a CW structure with one
cell of each even dimension 2k < 2n as we saw in Example 0.6. Thus

Z fori=0,2,4,---,2n
Hi(CP™) = {0 otherwise
Another simple example is S x S" with n > 1, using the product CW structure con-
sisting of a 0-cell, two n-cells, and a 2n-cell.
It is possible to prove the statements (i)-(iii) for finite-dimensional CW complexes
by induction on the dimension, without using cellular homology but only the basic
results from the previous section. However, the viewpoint of cellular homology makes

(i)-(iii) quite transparent.

Next we describe how the cellular boundary maps d,, can be computed. When
n = 1 this is easy since the boundary map d,:H; (X', X°) — H,(X°) is the same as
the simplicial boundary map A;(X)—Aq(X). In case X is connected and has only
one 0-cell, then d; mustbe 0, otherwise H,(X) would not be Z. When n > 1 we will
show that d,, can be computed in terms of degrees:

Cellular Boundary Formula. d,(ey) = > zdqgep "

map Sg ' —X""'—SE" that is the composition of the attaching map of e}, with

where d g is the degree of the

the quotient map collapsing X™ ! — eg_l to a point.

1 with generators of the corresponding

Here we are identifying the cells e, and ey~
summands of the cellular chain groups. The summation in the formula contains only
finitely many terms since the attaching map of e}, has compact image, so this image
meets only finitely many cells eg_l .

To derive the cellular boundary formula, consider the commutative diagram
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|

- . -
H,(Dr,3D!) H, ,(dD}) b H

lq)o(* l(plx* Iqﬁ*

_ 0 ~ _
H(X"x") — L f o (xv) — L=

X lj“ 1z

Hnil(XTl—l’ XH—Z) _E__) Hnil(Xn—l/X‘l’l—Z’X?’L—Z/Xn—Z)

where:
= &, is the characteristic map of the cell e}; and @, is its attaching map.
- q: X" 1S x" /X2 s the quotient map.
= dg :X”fl/)("*z—n?l};“1 collapses the complement of the cell e’gfl to a point, the
resulting quotient sphere being identified with Sg_l = D’g_l /aD’g—l via the char-
acteristic map ®g.
= Aug: aD’&‘—>S,§H is the composition qzq@,, in other words, the attaching map

of e followed by the quotient map X" ! —>S;§‘_1 collapsing the complement of

1

eg  in X" to a point.

The map &, takes a chosen generator [Dy] € H, (D%,0D}) to a generator of the Z

summand of H, (X", X" !) corresponding to e”. Letting e” denote this generator,
commutativity of the left half of the diagram then gives d,, (e}) = j,,_ 1P 0[Dx]. In
terms of the basis for H,, ,(X"™!, X"~?) corresponding to the cells eg_l , the map g,
is the projection of f, (X" '/X""?) onto its Z summand corresponding to ej .

Commutativity of the diagram then yields the formula for d,, given above.

Example 2.36. Let M 4 be the closed orientable surface of genus g with its usual CW
structure consisting of one 0-cell, 2g 1-cells, and one 2-cell attached by the product
of commutators [a,,b;]--- [ag, Iog]. The associated cellular chain complex is

do

0—7 79 4,7 .0

As observed above, d; must be 0 since there is only one 0-cell. Also, d, is 0 because
each a; or b; appears with its inverse in [a,b;]---[ag4, by], so the maps A,z are
homotopic to constant maps. Since d, and d, are both zero, the homology groups
of M, are the same as the cellular chain groups, namely, Z in dimensions 0 and 2,
and 7?9 in dimension 1.

Example 2.37. The closed nonorientable surface N g of genus g has a cell structure
with one O-cell, g 1-cells, and one 2-cell attached by the word a%a% cee aé. Again
d, =0, and d,:Z— 7Y is specified by the equation d,(1) = (2,---,2) since each a;
appears in the attaching word of the 2-cell with total exponent 2, which means that
each A, is homotopic to the map z — z%, of degree 2. Since d,(1) = (2,---,2), we
have d, injective and hence H,(N,) = 0. If we change the basis for 79 by replacing
the last standard basis element (0,---,0,1) by (1,---,1), we see that H; (Ng) ~
79 e z,.
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These two examples illustrate the general fact that the orientability of a closed
connected manifold M of dimension n is detected by H,, (M), which is Z if M is
orientable and O otherwise. This is shown in Theorem 3.26.

Example 2.38: An Acyclic Space. Let X be obtained from S' v S! by attaching two
2-cells by the words a’b™3 and b3(ab)™%. Then d2:22—>22 has matrix (72 _f),
with the two columns coming from abelianizing a’b~° and b>(ab) % to 5a — 3b
and —2a + b, in additive notation. The matrix has determinant -1, so d, is an
isomorphism and ﬁi (X) =0 for all i. Such a space X is called acyclic.

We can see that this acyclic space is not contractible by considering 1, (X), which
has the presentation {a,b | a’b™?,b*(ab)”?). There is a nontrivial homomorphism
from this group to the group G of rotational symmetries of a regular dodecahedron,
sending a to the rotation p, through angle 271r/5 about the axis through the center
of a pentagonal face, and b to the rotation p, through angle 271r/3 about the axis
through a vertex of this face. The composition p,p, is a rotation through angle
about the axis through the midpoint of an edge abutting this vertex. Thus the relations
a’> = b® = (ab)? defining 1, (X) become p> = p; = (p,p,)° = 1 in G, which means
there is a well-defined homomorphism p: 1, (X) — G sending a to p, and b to p,,.
It is not hard to see that G is generated by p, and p,, so p is surjective. With
more work one can compute that the kernel of p is Z,, generated by the element
a’> = b’ = (ab)?, and this Z, is in fact the center of 11, (X). In particular, 17, (X) has
order 120 since G has order 60.

After these 2-dimensional examples, let us now move up to three dimensions,
where we have the additional task of computing the cellular boundary map d;.

Example 2.39. A 3-dimensional torus

T3 = S'xS'xS! can be constructed S . y T
from a cube by identifying each pair pl ¢ b A (b
of opposite square faces as in the first b a {b b a b

of the two figures. The second figure c 4 c c a c

shows a slightly different pattern of

identifications of opposite faces, with the front and back faces now identified via a
rotation of the cube around a horizontal left-right axis. The space produced by these
identifications is the product KxS' of a Klein bottle and a circle. For both T° and
K xS we have a CW structure with one 3-cell, three 2-cells, three 1-cells, and one
0-cell. The cellular chain complexes thus have the form

0—»z-5% 77273 %70

In the case of the 3-torus T° the cellular boundary map d, is zero by the same
calculation as for the 2-dimensional torus. We claim that d; is zero as well. This
amounts to saying that the three maps A,4: S 2 §2 corresponding to the three 2-cells
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have degree zero. Each A,; maps the interiors of two opposite faces of the cube
homeomorphically onto the complement of a point in the target S 2 and sends the
remaining four faces to this point. Computing local degrees at the center points of
the two opposite faces, we see that the local degree is +1 at one of these points and
—1 at the other, since the restrictions of Ayp to these two faces differ by a reflection
of the boundary of the cube across the plane midway between them, and a reflection
has degree —1. Since the cellular boundary maps are all zero, we deduce that Hi(T3)
is Z for i = 0,3, Z° for i = 1,2, and 0 for i > 3.

For KxS', when we compute local degrees for the front and back faces we find
that the degrees now have the same rather than opposite signs since the map A,z on
these two faces differs not by a reflection but by a rotation of the boundary of the cube.
The local degrees for the other faces are the same as before. Using the letters A, B, C
to denote the 2-cells given by the faces orthogonal to the edges a, b, c, respectively,
we have the boundary formulas d3e3 = 2C, d,A = 2b, d,B =0, and d,C = 0. It
follows that Hy(Kx S') =0, Hy(KxS') =Z&®7Z,,and H,(KxS') =Z&7&1Z,.

Many more examples of a similar nature, quotients of a cube or other polyhedron
with faces identified in some pattern, could be worked out in similar fashion. But let
us instead turn to some higher-dimensional examples.

Example 2.40: Moore Spaces. Given an abelian group G and an integer n > 1, we
will construct a CW complex X such that H,,(X) = G and ﬁi (X) =0fori=+mn.Sucha
space is called a Moore space, commonly written M (G, n) to indicate the dependence
on G and n. It is probably best for the definition of a Moore space to include the
condition that M (G, n) be simply-connected if n > 1. The spaces we construct will
have this property.

As an easy special case, when G = Z,, we can take X to be S" with a cell el

attached by amap S™ —S" of degree m. More generally, any finitely generated G can
be realized by taking wedge sums of examples of this type for finite cyclic summands
of G, together with copies of S™ for infinite cyclic summands of G.

In the general nonfinitely generated case let F— G be a homomorphism of a free
abelian group F onto G, sending a basis for F onto some set of generators of G. The
kernel K of this homomorphism is a subgroup of a free abelian group, hence is itself
free abelian. Choose bases {x,} for F and {yg} for K, and write y; = >, dgyXy-
Let X" =V\/,Sk, so H,(X") ~ F via Corollary 2.25. We will construct X from X" by
attaching cells e?” via maps fgz:S" — X" such that the composition of f with the
projection onto the summand S has degree dg- Then the cellular boundary map

d,,..; will be the inclusion K — F, hence X will have the desired homology groups.

The construction of fz generalizes the construction in Example 2.31 of a map
S"—S™ of given degree. Namely, we can let fg map the complement of >, |dg,l
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disjoint balls in S™ to the 0-cell of X" while sending |dg,| of the balls onto the
summand Sy by maps of degree +1 if dgy > 0, or degree —1 if dg, < 0.

Example 2.41. By taking a wedge sum of the Moore spaces constructed in the preced-
ing example for varying n we obtain a connected CW complex with any prescribed
sequence of homology groups in dimensions 1,2,3,---.

Example 2.42: Real Projective Space RP". As we saw in Example 0.4, RP" has a CW
structure with one cell X in each dimension k < n, and the attaching map for ek is the
2-sheeted covering projection @: ST S RP To compute the boundary map d,
we compute the degree of the composition S¥~! =2 Rp*~! L Rp¥—1/RpK—2 = gk-1
with g the quotient map. The map gq@ restricts to a homeomorphism from each
component of S¥~1 — §¥72 onto RP*"! — RP*~?, and these two homeomorphisms are
obtained from each other by precomposing with the antipodal map of sk=1 which
has degree (—1). Hence deggqp =degl +deg(—-1) =1+ (-1)*, and so d, is either
0 or multiplication by 2 according to whether k is odd or even. Thus the cellular
chain complex for RP" is

0—7-27% ... 2,7 %7 2,7 %70 ifniseven

0—7%72% ... 27 %7 2,7 % 7,0 ifnisodd

From this it follows that

Z for k = 0 and for k = n odd
H (RP") =17, forkodd,0<k<n
0 otherwise

Example 2.43: Lens Spaces. This example is somewhat more complicated. Given an

integer m > 1 and integers ¥, - - -, £,, relatively prime to m, define the lens space L =
L, ---,4¢,) tobethe orbit space $*"1/Z, of the unit sphere $*"~! ¢ C" with the
action of 7Z,, generated by the rotation p(z,---,z,) = (ez"wl/mzl, cee ,eznw"/mzn),

rotating the j* C factor of C" by the angle 2m¢ j/m. In particular, when m = 2, p
is the antipodal map, so L = RP*"*"! in this case. In the general case, the projection
§?"l Ll isa covering space since the action of Z,,, on § 2n=1 s free: Only the identity
element fixes any point of $2"! since each point of S 2n=1 has some coordinate z;
nonzero and then e2™k¢i/m; ; # zj for 0 <k <m, as aresult of the assumption that
¥, is relatively prime to m.

We shall construct a CW structure on L with one cell e* for each k < 2n — 1 and

show that the resulting cellular chain complex is

0—7-%L7-7, 70 ... % 7. m, 7. 9, 7_,0

with boundary maps alternately 0 and multiplication by m. Hence

Z fork=0,2n-1
Hy (L, (4y,---,4,)) =12, forkodd,0<k<2n-1
0 otherwise
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To obtain the CW structure, first subdivide the unit circle C in the nt" C factor
of C" by taking the points e¢*™Y/™ < C as vertices, j = 1,---,m. Joining the jth
vertex of C to the unit sphere $?" 3 c C" ! by arcs of great circles in $°" ! yields
a (2n — 2)-dimensional ball B?”’Z bounded by $°" 3. Specifically, B?”’Z consists of
the points cos 6 (0, - -+, 0,e*™/™) +sin @ (z4, -+, z,_1,0) for 0 < @ < 1r/2. Similarly,
joining the jt" edge of C to §°" 3 gives a ball B;T"_l bounded by Bf"‘z and Bf_’ffz,
subscripts being taken mod m. The rotation p carries §2"73 1o itself and rotates C
by the angle 2m ¢, /m, hence p permutes the B?”’Z’s and the B;”’l ’s. A suitable
power of p, namely p” where v#, = 1 mod m, takes each B?"_Z and B?"_l to the
next one. Since p" has order m, it is also a generator of the rotation group Z,,,, and
hence we may obtain L as the quotient of one BJZ'"’1 by identifying its two faces BJZ'"’2
and sz-f{ ° together via p".

In particular, when n = 2, BJ2~"_1 is a lens-shaped
3-ball and L is obtained from this ball by identifying its \b
two curved disk faces via p” , which may be described as ig
the composition of the reflection across the plane con-
taining the rim of the lens, taking one face of the lens to \' 7
the other, followed by a rotation of this face through the
angle 2mtf/m where £ = r{,. The figure illustrates the
case (m,¥) = (7,2), with the two dots indicating a typical pair of identified points in
the upper and lower faces of the lens. Since the lens space L is determined by the rota-
tion angle 21 /m, itis conveniently written Ly, . Clearly only the mod m value of £
matters. Itis a classical theorem of Reidemeister from the 1930s that Ly, is homeo-
morphic to Ly, iff m" =m and £’ = +£*' mod m. For example, when m = 7 there
are only two distinct lens spaces L;,; and L,,;. The ‘if’ part of this theorem is easy:
Reflecting the lens through a mirror shows that Ly, ~ L_y,,,, and by interchanging
the roles of the two C factors of C° one obtains L, /m ~ Lp-1,,,. In the converse di-
rection, Ly, = Ly, clearly implies m = m’ since 1,(Ly,,,) = Z,,. The rest of the
theorem takes considerably more work, involving either special 3-dimensional tech-
niques or more algebraic methods that generalize to classify the higher-dimensional
lens spaces as well. The latter approach is explained in [Cohen 1973].

Returning to the construction of a CW structure on L,, (¢, ---,¥,), observe that
the (2n — 3)-dimensional lens space L,,(¢y,---,¥,,_,) sitsin L, (£, ---,¥,) as the
quotient of S 2n=3 and L,{,---,¥,) is obtained from this subspace by attaching
two cells, of dimensions 2n — 2 and 2n — 1, coming from the interiors of BJ2~"_1 and
its two identified faces ij”’z and sz-fl’ ?. Inductively this gives a CW structure on

L,({,,---,4¢,) with one cell e* in each dimension k < 2n —1.
The boundary maps in the associated cellular chain complex are computed as

follows. The first one, d,,_;, is zero since the identification of the two faces of
BJZ'”*1 is via a reflection (degree —1) across BJZ'"’1 fixing S22, followed by a rota-
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an-ly — 2n72 _ p2M=2 _ (. The next boundary map

2n-2

tion (degree +1), so d,,_;(e
d», _» takes e’"2 to me®" 3 since the attaching map for e is the quotient map
§ 3. (by,---,4, ;) and the balls Bf"‘3 in §°"~3 which project down onto "3
are permuted cyclically by the rotation p of degree +1. Inductively, the subsequent
boundary maps d; then alternate between 0 and multiplication by m.

Also of interest are the infinite-dimensional lens spaces L,, ({,,?¥,,---) =S%/Z,,
defined in the same way as in the finite-dimensional case, starting from a sequence of
integers ¢, {,, - - - relatively prime to m. The space L,,(¥;,¥5,---) is the union of the
increasing sequence of finite-dimensional lens spaces L,,, ({,---,¥,) forn =1,2,---,
each of which is a subcomplex of the next in the cell structure we have just con-
structed, so L,, (¢;,¥,,---) is also a CW complex. Its cellular chain complex consists
of a 7Z in each dimension with boundary maps alternately 0 and m, so its reduced
homology consists of a Z,,, in each odd dimension.

In the terminology of §1.B, the infinite-dimensional lens space L,,(€;,¥,---) is
an Eilenberg-MacLane space K(Z,,, 1) since its universal cover S* is contractible, as
we showed there. By Theorem 1B.8 the homotopy type of L,,(¥;,¥,,---) depends
only on m, and not on the ¥;’s. This is not true in the finite-dimensional case, when
two lens spaces L,,(¢;,---,¥,) and L, (¢],---,¥,) have the same homotopy type
iff £,---, =+k™{l;--- ¥, mod m for some integer k. A proof of this is outlined in
Exercise 2 in §3.E and Exercise 29 in §4.2. For example, the 3-dimensional lens spaces
Ly/s and L,,s are not homotopy equivalent, though they have the same fundamental
group and the same homology groups. On the other hand, L,,; and L,,; are homotopy
equivalent but not homeomorphic.

Euler Characteristic

For a finite CW complex X, the Euler characteristic X (X) is defined to be the
alternating sum »,(—1)"c, where c,, is the number of n-cells of X, generalizing
the familiar formula vertices — edges + faces for 2-dimensional complexes. The
following result shows that X (X) can be defined purely in terms of homology, and
hence depends only on the homotopy type of X. In particular, X (X) is independent
of the choice of CW structure on X.

| Theorem 2.44. x(X) =3, (~1)"rank H,, (X).

Here the rank of a finitely generated abelian group is the number of Z summands
when the group is expressed as a direct sum of cyclic groups. We shall need the
following fact, whose proof we leave as an exercise: If 0—A—B— (C—0 is a short
exact sequence of finitely generated abelian groups, then rank B = rank A + rank C.

Proof of 2.44: This is purely algebraic. Let

0—>C-2c  ——C-2c,—0
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be a chain complex of finitely generated abelian groups, with cycles Z, = Kerd,,,
boundaries B, = Imd,,,,, and homology H, = Z,/B,,. Thus we have short exact
sequences 0—Z2,—C,—B,,_;—0 and 0—B,,— Z,,—H, — 0, hence

rank C,, =rank Z,, + rank B,,_,

rank Z,, = rank B,, + rank H,,

Now substitute the second equation into the first, multiply the resulting equation by
(-1)", and sum over n to get >, (-1)"rankC,, = >, (—1)"rank H,,. Applying this
with C, = H, (X", X" ') then gives the theorem. O

For example, the surfaces M, and N, have Euler characteristics X (M) =2 —-2g
and X (Ng4) = 2 —g. Thus all the orientable surfaces M, are distinguished from each
other by their Euler characteristics, as are the nonorientable surfaces N g and there
are only the relations X (M) = X (Ny,).

Split Exact Sequences

Suppose one has aretraction ¥ : X — A, so ri = 1 where i: A— X is the inclusion.
The induced map i, :H, (A)—H,(X) is then injective since 7,i, = 1. From this it
follows that the boundary maps in the long exact sequence for (X, A) are zero, so the
long exact sequence breaks up into short exact sequences

0— H,(A) —>H,(X)Z>H,(X,A) — 0

The relation 7,i, = 1 actually gives more information than this, by the following
piece of elementary algebra:

Splitting Lemma. For a short exact sequence 0 — A L B-Lc—o0 of abelian
groups the following statements are equivalent:

(@) There is a homomorphism p :B— A such that pi = 1:A—A.

(b) There is a homomorphism s :C — B such that js = 1:C—C.

(c) There is an isomorphism B =~ A®C making i B j
a commutative diagram as at the right, where o _, 5 — lz\ C—0
the maps in the lower row are the obvious ones, ~ AaC -~

aw— (a,0) and (a,c) — c.

If these conditions are satisfied, the exact sequence is said to split. Note that (c)
is symmetric: There is no essential difference between the roles of A and C.

Sketch of Proof: For the implication (a) = (c) one checks that the map B—A®C,
b — (p(b),j(b)),is an isomorphism with the desired properties. For (b) = (c) one
uses instead the map A®C—B, (a,c) — i(a) + s(c). The opposite implications
(c) = (a) and (c) = (b) are fairly obvious. If one wants to show (b) = (a) directly,
one can define p(b) = i ' (b — sj(b)). Further details are left to the reader. O
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Except for the implications (b) = (a) and (b) = (c), the proof works equally well
for nonabelian groups. In the nonabelian case, (b) is definitely weaker than (a) and (c),
and short exact sequences satisfying (b) only determine B as a semidirect product of
A and C. The difficulty is that s(C) might not be a normal subgroup of B. In the
nonabelian case one defines ‘splitting’ to mean that (b) is satisfied.

In both the abelian and nonabelian contexts, if C is free then every exact sequence
0—A—5B-L Cc—0 splits, since one can define s:C— B by choosing a basis {c,}
for C and letting s(c,) be any element b, € B such that j(b,) = c,. The converse
is also true: If every short exact sequence ending in C splits, then C is free. This is
because for every C there is a short exact sequence 0—A—B— C—0 with B free
— choose generators for C and let B have a basis in one-to-one correspondence with
these generators, then let B— C send each basis element to the corresponding gen-
erator — so if this sequence 0—A— B— C— 0 splits, C is isomorphic to a subgroup
of a free group, hence is free.

From the Splitting Lemma and the remarks preceding it we deduce that a retrac-
tion r: X — A gives a splitting H, (X) =~ H,(A) ® H,,(X, A). This can be used to show
the nonexistence of such a retraction in some cases, for example in the situation of
the Brouwer fixed point theorem, where a retraction D" —S""! would give an im-
possible splitting H,, ,(D") ~ H, ;(S" Y®H, ,(D",S"!). For a somewhat more
subtle example, consider the mapping cylinder M, of a degree m map f:8"—s"
with m > 1. If M, retracted onto the S"cM ¢ corresponding to the domain of f,
we would have a split short exact sequence

0 — H,(S") — H,(M;) — H,(M;,S") — 0
I I I

m

0 Z Z z,, 0

But this sequence does not split since Z is not isomorphic to Z&Z,, if m > 1, so the

retraction cannot exist. In the simplest case of the degree 2 map S'—S!, z — z2,

this says that the Mobius band does not retract onto its boundary circle.

Homology of Groups

In §1.B we constructed for each group G a CW complex K(G,1) having a con-
tractible universal cover, and we showed that the homotopy type of such a space
K(G,1) is uniquely determined by G. The homology groups H, (K(G,1)) therefore
depend only on G, and are usually denoted simply H,,(G). The calculations for lens
spaces in Example 2.43 show that H, (Z,,) is Z,, for odd n and O for even n > 0.
Since S' is a K(Z,1) and the torus is a K(ZxZ,1), we also know the homology of
these two groups. More generally, the homology of finitely generated abelian groups
can be computed from these examples using the Kiinneth formula in §3.B and the fact
that a product K(G,1)xK(H,1) isa K(GxH,1).

Here is an application of the calculation of H,(Z,,):



Computations and Applications Section 2.2 149

Proposition 2.45. If a finite-dimensional CW complex X is a K(G, 1), then the group
G = 11 (X) must be torsionfree.

This applies to quite a few manifolds, for example closed surfaces other than
$% and RP?, and also many 3-dimensional manifolds such as complements of knots
in S3.

Proof: If G had torsion, it would have a finite cyclic subgroup 7,, for some m > 1,
and the covering space of X corresponding to this subgroup of G = m,(X) would
be a K(Z,,,1). Since X is a finite-dimensional CW complex, the same would be true
of its covering space K(Z,,,1), and hence the homology of the K(Z,,,1) would be
nonzero in only finitely many dimensions. But this contradicts the fact that H,,(Z,,,)
is nonzero for infinitely many values of n. O

Reflecting the richness of group theory, the homology of groups has been studied
quite extensively. A good starting place for those wishing to learn more is the text-
book [Brown 1982]. At a more advanced level the books [Adem & Milgram 1994] and
[Benson 1992] treat the subject from a mostly topological viewpoint.

Mayer-Vietoris Sequences

In addition to the long exact sequence of homology groups for a pair (X, A), there
is another sort of long exact sequence, known as a Mayer-Vietoris sequence, which
is equally powerful but is sometimes more convenient to use. For a pair of subspaces
A, B € X such that X is the union of the interiors of A and B, this exact sequence
has the form

. —H,(AnB) —2>H,(A) ® H,(B) — H,(X) = H, {(ANB) — ---

In addition to its usefulness for calculations, the Mayer-Vietoris sequence is also ap-
plied frequently in induction arguments, where one might know that a certain state-
ment is true for A, B, and A nB by induction and then deduce that it is true for AUB
by the exact sequence.

The Mayer-Vietoris sequence is easy to derive from the machinery of §2.1. Let
C,,(A + B) be the subgroup of C, (X) consisting of chains that are sums of chains in
A and chains in B. The usual boundary map 0:C,,(X)—C,,_;(X) takes C,,(A+B) to
C,,_1(A+B),sothe C,(A+B)’s form a chain complex. According to Proposition 2.21,
the inclusions C, (A + B) — C,,(X) induce isomorphisms on homology groups. The
Mayer-Vietoris sequence is then the long exact sequence of homology groups asso-
ciated to the short exact sequence of chain complexes formed by the short exact
sequences

0— C,(ANB)—2>C,(A) & C,(B) > C,(A+B) —0
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where @(x) = (x,—x) and @(x,y) = x + y. The exactness of this short exact
sequence can be checked as follows. First, Ker = 0 since a chain in A N B that
is zero as a chain in A (or in B) must be the zero chain. Next, Im@ C Kery since
Yy = 0. Also, Kery C Im@ since for a pair (x,y) € C,,(A) ®C, (B) the condition
x +y =0 implies x = —y, so x is a chain in both A and B, thatis, x € C,,(An B),
and (x,y) = (x,—x) € Im@. Finally, exactness at C,,(A + B) is immediate from the
definition of C,,(A + B).

The boundary map 0:H,,(X)—H, _, (A n B) can easily be made explicit. A class
x € H, (X) is represented by a cycle z, and by barycentric subdivision or some other
method we can choose z to be a sum x +y of chainsin A and B, respectively. It need
not be true that x and y are cycles individually, but 0x = —0y since d(x + y) =0,
and the element 0x € H,,_; (A n B) is represented by the cycle dx = -0y, as is clear
from the definition of the boundary map in the long exact sequence of homology
groups associated to a short exact sequence of chain complexes.

There is also a formally identical Mayer-Vietoris sequence for reduced homology
groups, obtained by augmenting the previous short exact sequence of chain complexes
in the obvious way:

0 — Cy(ANB) -2 Cy(A)® Cy(B) — Cy(A + B) — 0

le lseas 15
0 i i 7617 v i 0

Mayer-Vietoris sequences can be viewed as analogs of the van Kampen theorem

since if AN B is path-connected, the H; terms of the reduced Mayer-Vietoris sequence
yield an isomorphism H, (X) ~ (H,(A) ® H,(B))/Im®. This is exactly the abelianized
statement of the van Kampen theorem, and H, is the abelianization of mr; for path-
connected spaces, as we show in §2.A.

There are also Mayer-Vietoris sequences for decompositions X = AU B such that
A and B are deformation retracts of neighborhoods U and V with UnV deformation
retracting onto AN B. Under these assumptions the five-lemma implies that the maps
C,(A + B)—C(C, (U + V) induce isomorphisms on homology, and hence so do the
maps C, (A + B)— C, (X), which was all that we needed to obtain a Mayer-Vietoris
sequence. For example, if X is a CW complex and A and B are subcomplexes, then
we can choose for U and V neighborhoods of the form N, (A) and N,(B) constructed
in the Appendix, which have the property that N,(A) N N.(B) = N,(An B).

Example 2.46. Take X = S" with A and B the northern and southern hemispheres,
so that An B = S™!. Then in the reduced Mayer-Vietoris sequence the terms
ﬁi(A) @ﬁi(B) are zero, SO we obtain isomorphisms ﬁi(S") ~ ﬁi_l (S™!). This gives
another way of calculating the homology groups of S" by induction.

Example 2.47. We can decompose the Klein bottle K as the union of two Mdbius
bands A and B glued together by a homeomorphism between their boundary circles.
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Then A, B, and A n B are homotopy equivalent to circles, so the interesting part of
the reduced Mayer-Vietoris sequence for the decomposition K = AUB is the segment

0 — H,(K) — H,(AnB) = H,(A)®H,(B) — H,(K) — 0

Themap ¢is Z7—7Z®7, 1~ (2,-2), since the boundary circle of a Mobius band wraps
twice around the core circle. Since ¢ is injective we obtain H,(K) = 0. Furthermore,
we have H, (K) = Z® Z, since we can choose (1,0) and (1,—-1) asabasisfor Z& Z. All
the higher homology groups of K are zero from the earlier part of the Mayer-Vietoris
sequence.

Example 2.48. Let us describe an exact sequence which is somewhat similar to the
Mayer-Vietoris sequence and which in some cases generalizes it. If we are given two
maps f,g:X—Y then we can form a quotient space Z of the disjoint union of X xI
and Y via the identifications (x,0) ~ f(x) and (x,1) ~ g(x), thus attaching one
end of XXI to Y by f and the other end by g. For example, if f and g are each the
identity map X — X then Z = XxS'. If only one of f and g, say f, is the identity
map, then Z is homeomorphic to what is called the mapping torus of g, the quotient
space of X xI under the identifications (x,0) ~ (g(x),1). The Klein bottle is an
example, with g a reflection S —S*.
The exact sequence we want has the form

(%) --- —>Hn(X) M’Hn(y) LHH(Z) _)anl(X) M’anl(y)_’

where i is the evident inclusion Y — Z. To derive this exact sequence, consider
the map q: (XXI,Xx0I)— (Z,Y) thatis the restriction to X xI of the quotient map
XxIIIY—Z. The map q induces a map of long exact sequences:

e H (XXX XOT) =2 Ho (X X3I) =25 H (X XT) —2> ..

| a« Jae | a«

e H,(ZY) —2— H,(Y) —2 s H,(Z)

In the upper row the middle term is the direct sum of two copies of H, (X), and the

map i, is surjective since X xI deformation retracts onto X x {0} and Xx {1}. Sur-
jectivity of the maps i, in the upper row implies that the next maps are 0, which
in turn implies that the maps 0 are injective. Thus the map 0 in the upper row
gives an isomorphism of H,,,,(Xx I, X xdI) onto the kernel of i, which consists of
the pairs (x, —«x) for « € H,,(X). This kernel is a copy of H, (X), and the middle
vertical map g, takes (&, —«) to f,(x) — g,.(x). The left-hand g, is an isomor-
phism since these are good pairs and g induces a homeomorphism of quotient spaces
(XXI)/(Xx0dI)—Z/Y. Hence if we replace H,,.,(Z,Y) in the lower exact sequence
by the isomorphic group H,, (X) = Ker i, we obtain the long exact sequence we want.

In the case of the mapping torus of a reflection g:S'—S!, with Z a Klein bottle,
the interesting portion of the exact sequence () is
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0— Hy(Z) — H, (") 2295 H,(S") — H,(Z) — Hy(S") 2225, H (s

I ) I I I
Z Z Z Z

Thus H,(Z) = 0 and we have a short exact sequence 0—Z,—H,(Z)—Z—0. This
splits since Z is free, so H,(Z) = Z, ® Z. Other examples are given in the Exercises.

If Y is the disjoint union of spaces Y; and Y,, with f:X—Y; and g: X—Y,,
then Z consists of the mapping cylinders of these two maps with their domain ends
identified. For example, suppose we have a CW complex decomposed as the union of
two subcomplexes A and B and we take f and g to be the inclusions AnB — A and
A N B — B. Then the double mapping cylinder Z is homotopy equivalent to A U B
since we can view Z as (A n B)xI with A and B attached at the two ends, and then
slide the attaching of A down to the B end to produce AuB with (AnB)xI attached
at one of its ends. By Proposition 0.18 the sliding operation preserves homotopy type,
so we obtain a homotopy equivalence Z ~ A U B. The exact sequence (x) in this case
is the Mayer-Vietoris sequence.

A relative form of the Mayer-Vietoris sequence is sometimes useful. If one has
a pair of spaces (X,Y) = (AU B,CuD) with C ¢ A and D C B, such that X is the
union of the interiors of A and B, and Y is the union of the interiors of C and D in
Y, then there is a relative Mayer-Vietoris sequence

. —H,(AnB,CnD)—2>H,(AC)®H,(B,D) — H,(X,Y) =2 -

To derive this, consider the commutative diagram

0 0 0
! ) ! , !

0 C,(CnD) c,(C)eC,D) C,.(C+D) — 0
! ” ! , !

0 C,(ANnB) C,(A)e C,(B) C,(A+B) —— 0

|
0 — C,(ANB,CAD) —2— C.(A,C)® C,(B,D) ——> C..(A+B,C+D) —> 0

| | |
0 0 0

where C, (A + B,C + D) is the quotient of the subgroup C, (A + B) C C,(X) by its
subgroup C, (C + D) c C,(Y). Thus the columns of the diagram are exact. We have
seen that the first two rows are exact, and we claim that the third row is exact also,
with the maps @ and y induced from the @ and  in the second row. Since @ =0
in the second row, this holds also in the third row, so the third row is at least a chain
complex. Viewing the three rows as chain complexes, the diagram then represents
a short exact sequence of chain complexes. The associated long exact sequence of
homology groups has two out of every three terms zero since the first two rows of the
diagram are exact. Hence the remaining homology groups are zero and the third row
is exact.



