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Bistability: E. coli Lac operon



Multistability: Waddington landscape



Oscillations: Clock genes



Michaelis Menten kinetics

Steady state approximation: 𝑑𝑑
𝑑𝑑𝑑𝑑

[𝐸𝐸𝐸𝐸] = 0

Conservation of enzyme: 𝐸𝐸 + [𝐸𝐸𝐸𝐸] = 𝐸𝐸 0
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Autocatalytic reaction with first-order decay
CamKII γ Phosphorylation of Threonine 286 

Constitutive activation

E E* E
E* P

CKIIPhosphatase

𝑑𝑑𝐸𝐸∗

𝑑𝑑𝑑𝑑 = 𝑘𝑘𝑐𝑐𝑐𝑐𝑑𝑑𝐸𝐸∗
𝐸𝐸

𝐾𝐾𝑀𝑀 + 𝐸𝐸 − 𝑘𝑘𝑝𝑝𝑃𝑃𝐸𝐸∗

𝐸𝐸 = 𝐸𝐸0 − 𝐸𝐸∗

Solve 𝑑𝑑𝐸𝐸
∗

𝑑𝑑𝑑𝑑
= 0

𝐸𝐸∗ = 0

𝐸𝐸∗ = 𝐸𝐸0 −
𝑘𝑘𝑝𝑝𝑃𝑃𝐾𝐾𝑀𝑀

𝑘𝑘𝑐𝑐𝑐𝑐𝑑𝑑 − 𝑘𝑘𝑝𝑝𝑃𝑃

Increasing kpP

0 0.2 0.4 0.6 0.8 1

[E
*

]/[E]
0

0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1

Increasing kpP

Creation and destruction rates



Try again, with Michaelis Menten decay 
𝑑𝑑𝐸𝐸∗

𝑑𝑑𝑑𝑑
= 𝑘𝑘𝑐𝑐𝑐𝑐𝑑𝑑𝐸𝐸∗

𝐸𝐸
𝐾𝐾𝑀𝑀 + 𝐸𝐸

− 𝑘𝑘𝑝𝑝𝑃𝑃
𝐸𝐸∗

𝐾𝐾𝑀𝑀′ + 𝐸𝐸∗
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Increasing kpP
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Increasing kpP

Creation and destruction rates



Try again, with cooperative kinetics

E E* E
nE* P

𝑑𝑑𝐸𝐸∗

𝑑𝑑𝑑𝑑
= 𝑘𝑘𝑐𝑐𝑐𝑐𝑑𝑑 𝐸𝐸∗ 𝑛𝑛 𝐸𝐸

𝐾𝐾𝑀𝑀 + 𝐸𝐸
− 𝑘𝑘𝑝𝑝𝑃𝑃𝐸𝐸∗

𝐸𝐸 = 𝐸𝐸0 − 𝐸𝐸∗
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Self-induced transcription

GenePromoter

GenePromoter

𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

=
𝑘𝑘𝑑𝑑

𝑑𝑑 + 𝑀𝑀
− 𝑘𝑘𝑃𝑃𝑃𝑃 𝑑𝑑

𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑 =

𝑘𝑘𝑑𝑑𝑛𝑛

𝑑𝑑𝑛𝑛 + 𝑀𝑀𝑛𝑛 − 𝑘𝑘𝑃𝑃𝑃𝑃 𝑑𝑑

vs



megakaryocyte/
erythrocyte (MegE)

granulocyte/
monocyte (GM)

From Luolan Bai, Ch163 2018

Model GATA1-PU.1 Gene Regulatory Circuit

dx1
dt = a1

𝑥𝑥1𝑛𝑛

θn + x1n
+ b1

θn

θn + x2n
− k1x1

dx2
dt = a2

𝑥𝑥2𝑛𝑛

θn + x2n
+ b2

θn

θn + x1n
− k2x2

cross-
inhibition

auto-
stimulation decay

Huang, Sui, et al. "Bifurcation dynamics in lineage-commitment in 
bipotent progenitor cells." Developmental biology 305.2 (2007): 695-713.



Tristability corresponds to steady states of progenitor and differentiated lineages

a1 = a2 =1, b1 = b2 =1, k1 = k2 =1, n = 4, θ = 0.5

GM

MegE

CMP



Types of symmetry breaking
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