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How do patterns emerge in biology?





Can a chemical reaction become unstable?
Morphogens A, B

𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

= 5𝑑𝑑 − 6B + 1
𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

= 6𝑑𝑑 − 7𝑑𝑑 + 1Reaction: 

Cell 1 Cell 2

DA = 0.5

DB = 4.5

Diffusion: 𝑑𝑑𝑑𝑑𝑖𝑖
𝑑𝑑𝑑𝑑

= 𝐷𝐷𝐴𝐴(𝑑𝑑𝑗𝑗 − 𝑑𝑑𝑖𝑖)
𝑑𝑑𝑑𝑑𝑖𝑖
𝑑𝑑𝑑𝑑

= 𝐷𝐷𝐵𝐵(𝑑𝑑𝑗𝑗 − 𝑑𝑑𝑖𝑖)

Fixed point: A = 1, B = 1

Together: 𝑑𝑑𝑑𝑑𝑖𝑖
𝑑𝑑𝑑𝑑 = 𝐷𝐷𝐴𝐴 𝑑𝑑𝑗𝑗 − 𝑑𝑑𝑖𝑖 + 5𝑑𝑑𝑖𝑖 – 6𝑑𝑑𝑖𝑖 + 1

𝑑𝑑𝑑𝑑𝑖𝑖
𝑑𝑑𝑑𝑑 = 𝐷𝐷𝐵𝐵 𝑑𝑑𝑗𝑗 − 𝑑𝑑𝑖𝑖 + 6𝑑𝑑𝑖𝑖 − 7𝑑𝑑𝑖𝑖 + 1

But what if: 
𝑑𝑑1 = 1 + 3𝜖𝜖
𝑑𝑑2 = 1 − 3𝜖𝜖
𝑑𝑑1 = 1 + 𝜖𝜖
𝑑𝑑2 = 1 − 𝜖𝜖

Then 𝑑𝑑𝜖𝜖
𝑑𝑑𝑑𝑑

= 2𝜖𝜖



Chemical reactions in continuous space
𝜕𝜕𝑑𝑑
𝜕𝜕𝑑𝑑

= 𝐷𝐷𝐴𝐴𝛻𝛻2𝑑𝑑 + 𝐹𝐹 𝑑𝑑,𝑑𝑑

𝜕𝜕𝑑𝑑
𝜕𝜕𝑑𝑑

= 𝐷𝐷𝐵𝐵𝛻𝛻2𝑑𝑑 + 𝐺𝐺 𝑑𝑑,𝑑𝑑

Assume an equilibrium exists, i.e.:
𝐹𝐹 𝑑𝑑0,𝑑𝑑0 = 0
G 𝑑𝑑0,𝑑𝑑0 = 0

Expand around equilibrium:
A = A0 + 𝑈𝑈
B = B0 + 𝑊𝑊

𝐹𝐹 𝑑𝑑0 + 𝑈𝑈,𝑑𝑑0 + 𝑊𝑊 ≈ 𝑎𝑎𝑈𝑈 + 𝑏𝑏W
𝐺𝐺 𝑑𝑑0 + 𝑈𝑈,𝑑𝑑0 + 𝑊𝑊 ≈ 𝑐𝑐𝑈𝑈 + 𝑑𝑑𝑊𝑊

�
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= 𝑎𝑎

�
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= 𝑏𝑏
where

…



Linearize the equations around equilibrium
𝜕𝜕𝑈𝑈
𝜕𝜕𝑑𝑑

= 𝐷𝐷𝐴𝐴𝛻𝛻2𝑈𝑈 + 𝑎𝑎𝑈𝑈 + 𝑏𝑏𝑊𝑊

𝜕𝜕𝑊𝑊
𝜕𝜕𝑑𝑑

= 𝐷𝐷𝐵𝐵𝛻𝛻2𝑊𝑊 + 𝑐𝑐𝑈𝑈 + 𝑑𝑑𝑊𝑊

Ansatz: 𝑈𝑈 𝐫𝐫, 𝑑𝑑 = 𝑢𝑢 𝑑𝑑 𝑒𝑒𝑖𝑖𝐤𝐤⋅𝐫𝐫
𝑊𝑊 𝐫𝐫, 𝑑𝑑 = 𝑤𝑤 𝑑𝑑 𝑒𝑒𝑖𝑖𝐤𝐤⋅𝐫𝐫

𝜕𝜕𝑢𝑢
𝜕𝜕𝑑𝑑

= −𝑘𝑘2𝐷𝐷𝐴𝐴𝑢𝑢 + 𝑎𝑎𝑢𝑢 + 𝑏𝑏𝑤𝑤

𝜕𝜕𝑤𝑤
𝜕𝜕𝑑𝑑 = −𝑘𝑘2𝐷𝐷𝐵𝐵𝑤𝑤 + 𝑐𝑐𝑢𝑢 + 𝑑𝑑𝑤𝑤

Or equivalently

𝑑𝑑
𝑑𝑑𝑑𝑑

𝑢𝑢
𝑤𝑤 = 𝑎𝑎 − 𝑘𝑘2𝐷𝐷𝐴𝐴 𝑏𝑏

𝑐𝑐 𝑑𝑑 − 𝑘𝑘2𝐷𝐷𝐵𝐵
𝑢𝑢
𝑤𝑤 Which is of the form

𝑑𝑑𝐯𝐯
𝑑𝑑𝑑𝑑 = 𝐋𝐋𝐯𝐯



𝑑𝑑𝐯𝐯
𝑑𝑑𝑑𝑑

= 𝐋𝐋𝐯𝐯

Solving the equations:

𝐯𝐯(𝑑𝑑) = 𝑒𝑒𝐋𝐋t𝐯𝐯(0)

λ1 and λ2 could be complex!



Types of fixed points in 2D



Classifying the fixed points

τ

∆



Back to Turing
Instability if either eigenvalue of 

𝐋𝐋 = 𝑎𝑎 − 𝑘𝑘2𝐷𝐷𝑋𝑋 𝑏𝑏
𝑐𝑐 𝑑𝑑 − 𝑘𝑘2𝐷𝐷𝑌𝑌

Has positive real part.
Value of k which maximizes Real(λ) dominates.

𝜆𝜆 =
𝜏𝜏 ± 𝜏𝜏2 − 4Δ

2

𝜕𝜕𝜆𝜆
𝜕𝜕𝑘𝑘 = 0 𝜇𝜇′ = 𝐷𝐷𝐴𝐴 𝜈𝜈′ = 𝐷𝐷𝐵𝐵

U = k2



Kondo, Shigeru, and Takashi Miura. "Reaction-diffusion model as a framework for 
understanding biological pattern formation." science 329.5999 (2010): 1616-1620.

Turing Equation can lead to diverse types of dynamics

No k for which 
Re(λ) > 0 

Im(λ) != 0 
Re(λ) > 0 and 
maximized at k = 0

Im(λ) = 0 
Re(λ) > 0 and 
maximized at k∞

Im(λ) != 0 
Re(λ) > 0 and 
maximized at k∞

Im(λ) != 0 
Re(λ) > 0 and 
maximized at finite k

Im(λ) = 0 
Re(λ) > 0 and 
maximized at finite k





Voltage as a morphogen?

𝝏𝝏𝒕𝒕𝑽𝑽 =
𝑮𝑮𝒄𝒄𝒄𝒄𝒄𝒄
𝑪𝑪𝒎𝒎

𝛁𝛁𝟐𝟐𝑽𝑽 +
𝟏𝟏
𝑪𝑪𝒎𝒎

𝒊𝒊(𝑽𝑽,𝑪𝑪𝒂𝒂𝟐𝟐+)

𝝏𝝏𝒕𝒕𝐂𝐂𝐚𝐚𝟐𝟐+ = 𝑫𝑫 𝛁𝛁𝟐𝟐𝐂𝐂𝐚𝐚𝟐𝟐+ + 𝒈𝒈𝑪𝑪𝒂𝒂(𝑽𝑽𝑪𝑪𝒂𝒂 − 𝑽𝑽)

?
The Hodgkin Huxley equations (with Ca2+) are mathematically 
equivalent to the Turing reaction diffusion equation

Requires ≥ 2 morphogens for pattern formation
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